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Chapter 3

*
prototype example "wyndor glass co .

"

construction of mathematical model:

2 decision variables : X: #of batches that should be produced per week for product1.

X2 : "for product 2.

& objective :

max. profit.

=> max z = 3000X,
+ 5000X

,
Or 2 = 3x1 +5X2

& constraints : plant 1 : 14,
+ OX214 E # of hours

plant 2 => 0x,
+ 2x2E12

plant 3 - 3X
,

+ 2Xz = 18

also -> X1 > 0 , Xc > 0

· graphical method :

constraints :
Xz

arrows point etN

x1 = 4 -> X1 = 4

242 = 12 - x2 = 6
&

d

↳

341 + 242518 = 341 + 2x2 = 18 feasible &

tolke x = 0 -> X = 9 (0
,
9)

area

·

meta P ·
x,6

x2
0 -> 4 = b (6

,
0)

feasible area : any given point inside works for constraints (general solution)

* to find optimal solution :

if area is convex -> take only corner points , one of them is the optimal

solution & subst
.

In mathematical model.



Xz
N

9
-

-> optimal point : x-
= 2 , x= 6

z= 36

6 ⑳ ⑳ profit = 36
,
000->

(0, 6) (2,6)
z= 30

(4 , 3) ·
2 + 27

z = 0 (4 , 0)
A

2 = 12
P ·

x,
⑳ ⑳

10, 07 4 6

example 3 . 4 "Mary's cancer" :

DDV : <: strength of first beam

N2 : " "Second"

& objective : minimize z
= 0 . 4 X,

+ 0. 5Xz

& constraints : 0 . 3 X,
+ 0 . 1X2 = 2 . 7 C

on line
0 . 5x

,
+ 0 .5x2

0
. 6x1 + 0 . 4X2 6 C

also
, X1 ,

X
2

O

X2
M

4 = 0 -> X = 27 27 ↳

x
,

= 0 => x = 9
-

d

x
= 0 = X = 12 15-

x = 0 = x, = 12 1) a
↑

· ->feasiblee
x1

= 0 => X = 15 &
. e (7. 5, 4 . 5)

(6
, 6)

x
= 0 -> X

,
= 10

& in x



to find coordinates.

C -6/0.54
,

+ 0 . 54 = 6)
x = 6

5 (0 . 6 x, + 0 .4x2 = 6) 3 Xy = 6

0 . 5x,
+ 0 .5X2 = 6 3 x 1

= 7 . 5

- 3 (0 . 3x,
+ 0 . 1x2= 2 . 7) x

c
= 4 . 5

=> z = 0 .4(6) + 0 .5(6) = 5. 4

z = 0 . 4(7 . 5) + 0 . 5 (4 . 5) = 5 . 25 - optimal solution (looking for least Kilorad).

Section 3 .
3

* proportionality : linearity assumption.

additivity : the sum of individual contributions is the total contribution.

divisibility :
DU are its. & can take any values·

certainty : the value assigned to each perimeter is a known constant.

ex. 3.23 : DV. => x1 : friend 1 fraction

Xc : friend 2 fraction

obj. - max. 2 = 9 , 000X,
+ 9

, 000X,

& 400X
,

+ 500 X2[600

Sub.
to ->I 10

,
000 X,

+ 8
,000 X2 < 12

,
000 at 4 , X2 O





X2

=> n

10
, 000X,

+ 8
,
000X = 12

,
000

M
= 0 -> X = 12/ = 1 . 5

x=
= 0 => 4+

= 12/0 = 1.2 1 . 4 -

400 X,
+ 500 X = 600

1. 2 ⑳#

d d 12
/

060 => optimal
X = 0 - Y = 3/ 10, 800 10 . 67

,
0 . 67)

point

⑳

X = 0 => *1
= 1 .5

10x1 + 8x2 = 12 en ⑳ ↑ 7

O

L 1 . 5 x11 :2
-2 . 3(4X,

+ 5xz = 6) - - 10X
,

- 72 . 5 = - 15
10

,
800

-> - 4 . 54 = - 34 = 0 . 67= X1 = 0 . 67

example "Reclaiming solid Wastes" :

CDV : Xa : amount of waste material + that should be used

to produce grade A
. (also Nan 1

*
As , Xan]

XB,, B
, XB3 / XB4 , XC , Xez , Xcz , Xu

grade A

& objective : max · profit z

=85-3)[xm+XantKnstxas an
grade C

(5 . 5-2) [xci + Xce + Xes + Xcu]

+ 2Sub . 10 : 1) XA1 & 0 . 3 [Xan + Yaz /A3 + Xan]
XA2 > 0 . 4 [Xan + Yaz + X

As
+ X 3

-> grade AA4

Xa3 & 0 . 5 [Xan + YA2 + X
As

+ X 3
/ AXan = 0 . 2 [Xan + YA2 + Y

As
+ X

↓



XB 20 . 5 [XB1 +
B2

+ *B3
+ *Bu] Xcs = 0 .

7 [Xc + Xc2 + Xc3 + Xcn]
43240 . 1 [XB1 +

B2
+ *B3

+ *Bu]
XB4 = 0 . 1 [XB1 +

B2
+ *B3

+ *Bu]

2) Yan + XB + Xc 3008 XA2 + XBz + Xce 2000

1500 - 1000

XA3 + XB3 + Xc3 > 4000 ↳An
+ XB4 + Xcn > 1000

= 2000 = 500

3 3(Xa1 + Bi + Xc1) + 6) Xaz + XB2 + Xcz) + 4(Xa3 + XB3 + Xc3)
+ 5 (Xan + XBn + Xcn) =

30
,

000

* 3 . 4 . 10-imp. question .

3 . 4 . 11 solution : DDV :

My
: unit's shipped from 1st factory to 1st customer.

& Y12 , XB ,
Xan

,
42z , 423

Roby : min . Shipping cost- z = 600 X11 + 800N1 ... 600X23

& const.: *1
+ 12 +X

13 E 400 xx + 42 = 300

* 21 + X2z + X23 E560 X 12
+ X22 = 200

Y 13 + X23
= 406

Xig >, 0 i ty





3 . 4 . 14 : C & =  =

&& DV : Kig :

weight of cargo 1 that will be accepted
stored in the front compartment.

Xc : ... center

* B
: ... back

& obj : max profit z = 320 (x,f
+ Xi + X1B) + 400 (Xey + Xx +X2B) ...

④ sub to : Xy
+ X

+ B = 20 & <18 + 128 + Xzf +Xug 12

42f + X22 + X2B < 16 Xo + X + Xsc + Xuc 18

i
Yug + Xnc +X4* & 13 *

+B + 2Bt X3B + Y
4B < 10

&
500X

,g
+ 700X22 + 600 Xsg + 400 Xnf < 7000

500 X 1B + 700X2B + 600 X3B + 400 XB 5000

500X1c + 700Xe ... --

&
X18 + X28 + 438 + Xn8 =

EXic = EXIB

12 18 10

* Simplex Method : Like gaussian elimination but can only be used for
model written in standard form.

=> Cobj . must be maximization .

& all constraints[ with the right hand side.

& all BV
. >O



exxi Window Glass : using simplex method

Initiation Step ·X , Xn : slack variable
-

obj :

maxz = 3x1 + 5X2 - 2 - 3x1 -5x2 = 0

sub.
O : X,

< 4 -> x + X = 4 ->
initialization

2x2 <12 => 2x2 + Xy
= 12

3x1 + 2xz 18 -> 3x+ + 2x2 + X,
= 18

Y ,
X> 0 X3 , nis 7, O

-> identity Basic Variables :

↓ matrix
-> z X Xz Y ysee RHS xz = 4 Xy = 12Xg = 18-

obj .

1 -3 -50 G

O 1 O 1 O O 4 Non Basic Variables : always o

O 020 + O 12
x =0X2 = 0

O 3 200 1 12

· note that # of basic variables is same as constraints,

· if we have a ve value in I row then not optimal solution
~

Optimality Step

↳
most negative X2 -> entering variable.

Z Y Xe Xs 44 x
RHS

1 -3 -50 G
feasibility Step : RHS = coeff of EV.

O 1 O 1 O O 4 4/0 = 0

O 020 + O 12 12/2 = 6 - Xc = 6 subject to all constraints

O 32 0 0 1 12 18/2 = 9 · always choose min



X4 :

leaving variable.

2 x Ye Xs 44 x
RHS

Ro 1 -3 -50 G
Basic Var

R1 O 10 1 O O 4 * = 4 X2 = X5
= 18

R2 O 0 2 0 1 O 12 -> min .

L leader

row Non Basic Var

R3 O 320 L O 1 12 X = 0 Xq = O

pivot element

Matrix Operations : CR2/2 & SRc + Ro &-2Rz + R3

Z Y Xz Xs X4 X5 RHS Basic Var
.

5 O1 -3 o O 1 30
Y3 = 4 X2 = b Xs = 6

O 1 O 1 O O 4 Non . Basic Van

O O 1 O 1/2 O G x1 = 0 kn = 0

O 3 O O - 1 1 G

Optimality Step :

Z Y Xz Xs X4 X5 RHS x1 : entering var.

5 O1 -3 o O 1 30
Rs :

leaving var.

O 10 1 O O 4 M/1

O O 1 O 1/2 O 6 60

O 3 O O - 1 1 66/3

↳> pirot element



=> CR3/3 &-R3tRy & 3Rs + Ro Basic Van :

*3
= 2 Xz = 6 x1 = 2

Shadow
↑ price NonBasic Var :

Z Y Xz Xs X4 X5 RHS Xs = 0 Xn = 0

1 O O O 3/2 A 36
shadow price the multiple of the profit

O O O 1 1/3 - 2 it will become if 1 unit

O O 1 O 1/2 O G added.
O 1 O 0 - /3 13 2

Q 4. 3 . 5 : Obj : max z = x
,

+ 2x2 + 4X
,

Sub to : 3X1 + x2 + 5Xz + Xy = 10

C> func . constraints

x1 + 4x2 + Xz + X5 = 8

2x1 + 2Xz + Xp = 7

X , 2 , 3,
O

- Ve

Z x 1 X2 X3 Xa XS x RHS

I - 1 - 2 - 4 G

O 3 15 & G G 10/5 = 2

O 141 O I D 8/1 = 2

⑥ 202 O O I 7/2 = 3 . 5

Matrix Operations : CR, /5 & -Ry + R2 &-2R4 + Rs & 4 R1 + Ro

Z x 1 x
,

Ve

X 3 Xa Xs X6 RHS

I 7/ -by O 4/ O O ②5 5

O 3/ I G G5 Y5 15 2/y
= 10

O 2/ 19/5 O - Y5 I D ↳
/191 = 30/9s

⑥ 4/5 - 2/5 ① -

2/5 O I 3.



Matrix Operations : 8 SqR2 & %R + Ro ) -YsRc + R , C2/5R2 + Re

BV

Z x 1 I
Z Y3 Xa X

,
Ex RHS - alwayshere

- -

I 29/19 O O 70/95 O 188/19 Optimal Solution.
O 5/ O 1 4/9 Y9 O 32/199

O 2/ I O - Y194/19 O 3919

0 10/9 O ① -

849 4/19 6949

Q : obj :
max z = 34,

+ 3X2 + As

Sub to : x1 + 4X2 + Xz + Y4 = 12

24 + x2 - x3 + xg = 15

Tie for EVs d
I x - X2 X

3 Xn Xs RHS
-4 -I

& - 3 - 3 - I o O O

O I 41 1 O 12

· 21 -10 & 15

fraction a [0 ,
1] -> Prew = &P + (1-a)P2- gives all values of optimal

solutions on a line-

if 211 one of functional constraints -> multi-optimal solution

* NBV in an 0. S
., coefficient in obj . is zero of we have other 0 .S.

↳ make entering var..



* max z = <IX1 + 5X 0 . P. [2
, 6)

M 14

2x212 => 3/20/2
3x1 + 242 [18 7 .57C10

-%if z = 3x1 + GXz - 2/3 <
3

-

E
2 -

Cz > 2

-
negation Lif

max
-Mya)

* Big M Method : effect · artificial variable

example : obj : min z = 0 . 4x1 + 0 . 5X+MXac + Mxaz

Sub to : 0 . 3 x, + 0 . 142 < 2 . 7 => 0 . 3 X1 + 0 . 1X2 + X3 = 2 . 7

0 . 541 + 0 . 5 X2 = 6 => 0 . 5X,
+ 0 . 5 X2 + Xan = G

0 . 6 x1 + 0 .4427, 6 => 0 . 6 X,
+ 0 . 44

=
= Xy + Xa = G

41 ,20 x370 , surplus var Xn > 0

· added be in 3rd constraint if 11 , x2 = 0

& oby min -> max gives :
then x4 = - 6

max-z = - 0 . 44-0 .5X2-Mxac - MNaz

· be min . 2 is max of its negative.

to solve ->

- z + 0 . 4 X1 + 0 . 5 *2 + MXan + MXaz =0

z x1 x
z

&az RHS

- I · 4. 5 x3 4a Ya O

O · 3 · I I o O O 2 . 7

O · 5 · S O 01 0 6

G · 6
. 4 O - I 0 1 6



DRestoring Gaussian form :

Getting rid of Ms.

infeasible initial solution.

D-MR2 +Ro -MRs +Ro

z x1X2 x
3

- 4 * an &az RHS

- I · 4-tM · 5=. 94 O M o o - 12M

O · 3 · I I O O O 2 . 7

O · 5 . S O · 6

G · 6
. 4 O - I O 6

entering
-

z x1 x
z

x
3

- 4 * an &az RHS

- I - H . IM - 0 . 9M O M O O -12M

O · 3 · I I O O O 2 . 7 - leaving
O · 5 . S O O I O 6

G · 6
. 4 O - I O 1 6

D R1/ . 3 2-( . 4-1 . 14) RetRo -0 . 4 R1 + 1 . TMR1 + Ro

z x1 x
z x3 X4 * an &az RHS

- I 0 "-8/gM -4 + "M M O O - -

2 .
M

O I 13 10/3 O O O 9

O · 5 · S O 01 O 6

G · 6
. 4 O - I O 1 6



& - 0 . 3 R1 + R2 ③ - 0 . 8Rn +Rz
-> entering

z x1 x
z

x
3

- 4 * an &az RHS

- I ⑥ "/-8/gM - 4/ + "M M O O - -

2 .
M

O I 13 10/3 O O O 9

O O Y3 - 5/3 01 O 3/2

G O · 2 - 2
- I O 1

· 6 ->
having

DR3 / · 2 & - Y Rs + R2 & -Y3R3 + Re Q) R3 + 8/SMR3) + Ro

- entering
z x1 x

z X3 X4 Xan Xaz RHS

- I ⑥ 0 100y - %M33 - 4/3M -55/+/M - 73/ - 0 . SM

O I O 20/3 5/3 O -4/3 ②

O O O 5/3 4/3 I - 5/3 7/2 - leaving

G G I - 18 - 5 O 5 3

& R2 · 3/5 &2 [33/3R2 + 3/ M)+ Ro -%RetRe 5RztRz

z x1 x2X3 Xa Xa &az RHS

- I ⑥ · O - I + M M -20% -0 . 5 M

O I O 5 O -I O 7. 5

O o O 1 I 3/5
- I 3/10

G G I - 5 O 3 O 4. 5

feasible E optimal .



5. 3 .

9 : z = 2X
,

+3X2 + 2Xz + MXac + MXaz - MAX-2 =
- 2x>

- 3X2-2Xz-MXan-MXaz

subto : X + 442 + 2X3 -Xu + Xan

3x + 2x2 -Xg + Xaz 6

Z x
, X2Xs XuX5 Xan :a RHS

- 1 2 O

O 142 - 1 O 1 O ②

0 3 2 0 0 - I O 1 6

D-MR + Ro -MR + Ro

2 X
, Xa Xs Xu Xs Xan Xaz RHS

- 1 2 - 4M 3-6M 2-2M MM O - 14M

O 142 -10 1 O ②

O 3 2 0 0 -1 O 1 6

3GR1/4 & (-3 + 6M)RetRo C-dRn + R2

Z x1 X5 Xan Xaz RHSX2 X3

,**MM =

(+ 3/M- 1 5-54 0 +M O -6-2 M

O Y 1 Y - In O Y O 2

O 5/2 O - 1 Y - I - 1/2
- Y2 2

& R2x 2/5 @ - 1 R2 + Ri ⑬ - 9/ +5/M) + Ro

Z x1 -2 Xs Xu a RaXa si feasible since
- 1 O O I -7

Xan , Xaz = O

O O f 3/5 - 3/10 YO 3/0 Yo 9/5 Optimal.
O I O - 25 Y -

>/ -192/ 4/5



* Two Phase Method Phase 1

4- b . 10
j

min z = MXac + MXac -> may

min z = 3x1 + 2x2 + 743 + Myan +

MXaz) Phase

sub [0 : - x1 + X2 +Xan
= 10 minz = 3x1 + 2x2 + 7X3

2x1
-

X27Xz-Xy +Xaz10

X , X2 , X30

Phase 1 then 2xM

minz = MXac + MXac -> may
> minz = Xai +Xa2 -> max-2 + Nay+ Xaz = O

Phase I

minz = 3x1 + 2x2 + 7X3 => min z = 341 + 2x + 743

using simplex after restoring gaussian form.
C 2 An X2 X3 Xn Yar Xaz RIS

- 1 o o O 1 O-

O - 11 0 1 O 18

a
-
10

O 1 - 1 ⑧ 1 10

& Ro-R, & Ro-R I

z A Xz x
3 Yu Yas Xa RITS

-I - I C
- I

-20
-

O - 11 O !
O 18

O 2
- 1 1 - I 1 10

CR2/2 DR2 + R - & R2 + Ro

z X Xz Xn Xan Xaz RIS

- 1 O
- 12 0 "2 - 15
-

O O 12 Y2 1 Ye 15

O 1
- Y 12 - Y2 G 12 E



22R1 20 YRn + Re CYRn + Ro

z Xu X2 Xy Xn Xan Xaz RITS

X * * * 11 *
- 1 O
-

O O 1 -12 I 30

O 1 O 1 -11 1 20

phase 2 : min. 2 = 3x1 + 2x2 + 7X3 - max-z = - 3x1 -2x2 - 7X3

& remove artificial var. E change obj.

CRestoring GF-1-2R+ Ro -3 R2+Ro

z X1 X
z x

3
x4

RHS

- 1 O O 2 S - 120

O O 1 -I 30

O 1 O 1 - I 20

C

ex may 2:04X+05X2-exa We
min z = Katieisj

0 . 54,
+ 0 . 542 + Xan = 6

0 . 64,
+ 0 . 4x =

x + xan =

G2
maxz = 0 . 4 X

,
+ 0 . 5 Xz

second phase objective is always same as a objective & first
is always minimization.



Ch .
5

General form :

Oby : max z = C
,

4
, AGX2 +... In Xn

Sub to : 9141 + A 12X2 ... dinkn & by

d21X..... Men Xn Eb2

:

amX.... Amn Xn E bm

* O

->

C = [C Ca ...
2n]

-
& --

X = Xe A = d as ... din b = by

*2 d2) 92 ... den

: : i
-

Xu
-

-Am dm ... Ann -bm-

=>

z = CX & Ay b x70

& first simplex tablea

Xb = Slack variable & 2 = CX

-> [A/I] x [s] = b

original var.

Slack var.

=> --
z &1

....... An XM ... --- Kntm RHS

1 CBB'A-c CB B
- 1

CBB" b

P

O

"
B "A Bt B b

O

where : Ci : coeff of BV in oby
B : " /I ""constraints.



example 5 .
1 . 13 :

Obj : max z = 2 41 + 242 + 3X3

Sub to : 2 x 1 + 12 + 2x3 < 4

X + x2 + Xz <3

X2
, Xe , X3 O

c c = <2 23] A =

1219 bF[1
initial tabledn :

z - 1
x

= X3 *4
X5 RHS

1
-

f
O I O

8 O I

C
B
B'A-C CBBt CBB"b

z - 1
x

2
X

3 *4
X5

I

↑
O O
- ERHS

°> -
O O IxB =( -WW8 I

↳ B A

·

3 Bt ↳ B " b

B =[*

B = [2*s ia z - 1
x

2
X

3 *4
*5 RHS

I 100 I I 7

O I O L I - I I

also " = [1, = ]
O O I O

- I 2 2

·

given BY find BV : Find B & search for A same column as B.



example : 5. 3 . 2 =c = [ 43 12] A =

1 , 2 ci 6 =/
- B= CB = [ 32]

[11 I
DCBB A-c

[02][, Y :3 ?] -14312]
= [3020]

C =

4
x

2434445XG
BE

I 9

O

O



example :

obj : Max z = 4* + 3x2 + X3 + Exn

sub to : 44 + [x2 + X3 + X4 + Xs 15

3X1 + 12 + 2X3 +Xn + Xs 24

c = [43123 A = 42 o = [3][
ite xs = [xs) B = 10 : ] = 20.

CB B"A-c =[*most re-2]

CBB = 50 0] B A = (42 + 1

13 I 2 1

" = [6" I B"b = [] B b = 0

entering BV = X > Leaving BV = Xs

xs = [ * ) B = [] = [40] 3 = [ii]
-> it

B"A =[ 12 Ya <a) CBBA -c = : e

CBB"b = 5

CBB = [ 1 6) B " b = (*n]



it & entering BV : Ya Leaving BV :

X6

Ixs = (e) =

41) 3 = [ s"] = 2 r

>

"A = /8- =0] (BBA-c = [0-

<BB = [24] "b=? ] < B" b = G

-> it & entering BV : X2 Leaving BU : *

xs = (,2) B = [ 1] 3
= [3a] B = [ ]

=>

B A =(1

+ 0]CBB A - c = 2302 0] <BB =[

B"b = [ 3 ) CBB b = 9 = optimal & feasible.



Q : 5 . 3. 1

oby : 2 = * - *
2

+ 2x3

Sub to : 241-2xa + 3Xz + xn = 5 B
1

=

[
3

I I
O

1xy + Xa - Xz + Xs = 3

x - x2 + x3 + X6 = 2
- I I

Similar
2 B

I
->

1
I
at

B =

20
OA =

> 3 o o
B = [= 102]



Chapter 6 : Duality.

* Primal -> Std. Form

* max z = 34,
+ 5X2

sub to :*1 + 0X2 = 4 -

oxtaxe < 12 ->
2 dual decision variables

3x
, + 2x244 - 3

X1
, X2 70

in deal :

oby
: min W = 44,

+ 124, + 184 ,
RHS of primary = coeff . of y in obj.

Sub to :

<y,
+ Oy + 3473

· const of dual = # of DV primary

Oy,

+ 2y, + 2y3
·

primary std. form -> dual 7

Y
, 2

,
30

· coeff of 1st const = all coeff of 1st DVp & 80 on.

·

coust . Coeff of DVP in objp

exj p : maxz = 3xy
+ 4x2 + 54z + Exn D : min w = By ,

+ 742 + 443

4 , + X2 - Xz + Xa & E -*****,*

x + x2 + 4X3 = 2xn = 7 Y1 + Y2 + 043 7 4

*3
+ Xn <4 -

31 + 442+ 37, 5

X , X2 , 43 , X4 O 3,

- 242 + 337
Y7

, 2
, 3

70.



* sensible-odd-bizarre :

Imaximization ②minimization :

D constraints 1) constraints

i& sense
ele

i& binar
e

-> Bizarre > sensible

2) Decision variables 2) Decision variables

↳ => sensible ↳ => sensible

↳ unconstrained Fodd ↳ unconstrained -> odd

10 => bizarre 10 => bizarre

primal problem constraints = dual decision variable :

· if sensible= sensible

· if oddI odd

· if bizarre - bizarre

* example :

primal : maxz = 341 + 442 + 5x3 dual : min w = 44,
+ By

,

+ 10y3

subto : 4 + 2x2 + x3 2 4 -Sty,
is S subto :

y
,

+ y + 2y> 3

x1 - x2 + 2x3 = 8 - 0 =y
,

is O 24
, 12 + 54s = 4

2x1 + 5X2 = 2x3 > 10 -> B * Y ,
is B Y ,

+24
-

24
= 5

x17, O
Y, 0

X2 EO Y
,

is unconstrained

*3 if unconstrained Y,

O

·

depends on the variable

coeff . are taken from . (DV)



example : min z = 341 + 4x2 + 5x3 => dual : max W = 44 ,
+ By 2+ 10y 3

subto : 4 + 2x2 + X3 24 -> B Soy,
B sub to : 3 ,

+ B2 + 24
,

3

x1 - x2 + 2xz = 8 -> 0 So y, 0 241 - Y2 + 50374

2x1 + 5x2= 2x3 10-ssoy y,
+ 24 -

2yz = 5

x17 0 -> S y ,

to

X [0 - G Y2 is unconstrained

x3 is unconstrained -> B Y30
*

primal/max a dual/min
⑳

infeasible feasible

2 M
d &

feasible infeasible

· A
O

* weak duality property : if & y both feasible solutions -> <X Eyb

strong duality property : if By optimal soln . s -> <x = yb

* complementary sol.s prop
: for a solution of x you can find compl .

soln , in y that

gives same val
.

but y
is infeasible . (coeff of S .V .)

· applicable to opt . John . - comp : optimality.

symmetry property : all previous ris. are applicable for y-x **->y.

· unbounded & feasible- unfeasible



suboptimal : solution on way to most optimal solution.

Superoptimal :
a more optimal solution that is infeasible.

Substitute the coefficients of the optimal tableau of the dual problem in the

new constraint from the question -> If coust is true : not redundant

if coust. -> If coust is not true : redundant·

a feasible solution in :

& Big M : When Xa (artificial var) is no longer basic

& Two phase : when phase 1 is done

*In comp . property : for opt. Soln x there will be dual solu
. y

which is the shadow price for x

* if we have non basic slack var -> Shadow price ,
RHS increases by

coefficient of X in Row 0.

· if we inc . 1st coust. RHS by 1Finc by O

· if we inc. 2nd coust. RHS by 1 t

RHS + 3/2

· if we inc. 3rd const.

RHS byIt
RHS + 1

.



three cases of DV :

EDV +Ve - same

& DV-Ve :

->
RHS&

min z =4x, + 7x2
-> UX - 40 + 7 X2

sub to :

3x, + 2x2 [16 = 3Xi - 30 + 2x2 [15

x1 = x27, 5 => xi - 10 -N2* 5

X2, O

X, x - 10 - 1x1 + 1070 => Xi O

xi = x1 + 10

x1 = Xi - 10

& DV unconstrained :

min z = 441 + 242 => 44c
+

- 4x1 + 2X2
sub to :

341 + X2 10 - 34 - 3x + x2 > 10

241 + 542215 - 2xT - 2Xi +5X215
x27, O

x, unconst. - & x -x= ->** >0

Xi 7, 0

if x + BV ,
RHS = 60 -> X1 = 60

if Xi BV
,
RHS = 60 => 41

= - 60



* 3 cases for BV :

D tie for entering -> choose either

etie for leaving -> degeneracy -> loop

& no leaving -> unbounded Z

· We get a multioptimal solution if :

C objective function is parallel with one of constraints.

D if a nonbasic variable has a coefficient of zero

in the objective function.

* a constraint is functional if its slack variables = 0 not

functional if they + 0



Chapter 7 & changing parameters
* max z = Cx i

Sub to : AXEB A b where : g
*

= B
x > 0 add DV & const.

y = CBB
recall that :

↑ yo- oe i ·"Ris CB B'A-C CBBt CBB"b
&

O z x
= X3 *4

D S

Exe
O O
* ERHS

*

A g* * E +°> -
⑥

O I-E E8 I

ex. 7. . 1 . ) :
↳ B A

·

↳B- I ↳ B " b

& x
= 4/3x3 = 32 = 17

④ c = [ 3 54] "find revised simplex tableau"
L

acc . &
OV SV

[ s 1
--

A =

:35 - z x 2 -
2 Xy X4 X5 RHS

1 O 2 ② /s 3/5 17

O I - "3 0 Y3 - 1/3 E

5 = [] O O ↳ 1 - Ys 2/5 3

=

z x 2 -
2 Xy X4 X5 RHS

1 0 - 4/5 O Ys 3/5 17

O I
-1/3 O Y3 - 1/3 5/3

O 0 4/51 - Y5 2/5 3

=> x2
-> entering *3 -> leaving-



DR2 x 5/4 e %3 R2 + R1 ⑬ "/5 Rc + Ro

z x 2 *
2 Xs X4 Xs RHS

1 O o ↳ 1 20

5 35
O 1 O /12 Y - 7/6 /12

O O 1 %/
- 14 Y2 19/4

② adding a const Optimal

⑥ dual : - min w = 254,
+ 2042 w = 17

sub to : - 64, + 3423 y = Y

34
1

+ 4427, I 3 = 3/

Syn + 542744 . 4
,

30

=> 241 + 3423

2(Y) + 3(3) = 1 = 2 . 2 not 3- const . not redundant -> makes obj. Worse.

⑧ dual : - min w = 254,
+ 2042

sub to : - 64, + 3423

34
1

+ 4427, I

Syn + 54274

34, + 2422 => not redundant, opt ·
Worse > 17.

Y , , y20



Q 7 . 2 . 2 :

"revise" -> revised Simplex tableau

& by = 30

Z x1 Xc

isIt is ->
revised be include

1
O D I so will change

O - 1 1 3 1 to#

O 16 O - 2
- 4

SO,

- = [8]
Z X1 Xc -3 x4 x5 RHS

O D 25 O 150
1

O - 1 1 3 1 C 30

#

O 16 O - 2
- 4 1 - 30 - infeasible , superoptimal

to make it feasible -> dual simplex method

C take most-re from RHS · Z X1 Xc * 3 x4 Xs RHS

& BV in it is leaving var. 1
O D 25 O 150

& divide obj . by row .
O - 1 13 1 o 30

- 41 - 30④ take min after abs .
value O 160 - 2

= C

d ↓ 2/2 5/-4 Signore
ignore ignore

= -1 = - 1 . 25
·

is Leaving

CR2/-2 &-3RztR & -2 Re + Ro · xs entering

Z X X 2 3 xn <s RHS

16 0 0 1 1 120 · Xu ent
1

O 23 10 -5 " - 15 -> Still not
· x2 Leav

feasible
O

- z O 1 E
-

2 15



ERI/-S &-2R+ Re &-RetRo

Z X X 2 3 xn <s RHS

1
16 + 2 "O O 13/0 117

feasible & optimal
0

- 23/ Y501 -

3/10 3 3
O 61s 214 10 10 9

& b = 70

5 =

(20
OG -

↳x2 isa
Xs RHS

tab. 1 O 100

O -11 31 O 20

0 16 O -2 -4 1 18

change Z x1 X2 Xs X4 Xs RHS
-> superopt

I 0025 0 100
&

O -11 31 O
20 infeasible

016 0 -2 -4 1 - 10

& R2/-2 C-3 R2 + R ③ - 2 Re +Ro

2x1 X = Xs x4Xs RHS

I 16 0 0 1 1 90 3 optimal & feasible
O 2310 - 5 3/2 5

O - 0 1 2
->25



⑳ OG -

↳x2 isa
x5 RHS

- =/tab I O 100

0 -11 31 O 20

016 0 -2 -4 I 18

2 x X2 Xs * 4 Xs RHS

I 0025 0 so

feasible & optimal
0 -11 31 O 18 S
0 16 0 -2 -4 1 60

& Cs = 2 = = E 558]

&depends
on I so will change

K

OG Z * 4 Xs RHS y
- =

⑦>⑨tab. 1 G O 25 O 100

O -1131 O 20 * =C0 16 0 -2 -4 1 18

Z x1 X2 Xs * 4 Xs RHS

I oo 7 5 O 100

O -11 31 O 20

016 O -2 -4 1 18

changed

② = = [ 2573T= 01 3[ 3 5 =10
54 18

Of

tab Z

xnXs RISI
4 42 isa

O -11 31 O 20

016 O -2 -4 1 18



Z x1Xz X3 x4Xs RHS

I 2 0250 100

O O I 31 O 20

O E 0 -2 -4 1 18

& -> BV .

[ 7 i = (-5513) - A =

fa3c = [-5 s ia =

i 1
Z

*
x24 x4Xs RHS

I 4 2 50 100

0 -123 1 O 20

016 - 3 -2 -4 1 18

to restore gaussian form by x2 -> BV by first row

C R1/2 &3R,+Re & - 4 R,
+ Ro

Z x

42 xs Xx
RHS

I 2 60

O - Y2 1 3/2 Y2 O 10 S feasiblebutnot optin.

-
5

0 14 . 5 O 5/2 /2 1 40

24Ry &-S/RutRe & 4Rn + R
.

Z Xe

42 Xs 44
Xs R

I 2 + 4/3 O 260/3

O -Y32/31 Y3 O 20/3

0
(4 .5 + 5/6

-

/30 -3 .3 70/3



->
Wi 0 .

V .

③ Z x6 X4 Xs RHS i = 2 - 5 5130]

OG I
* 42 is o 5 O 100

[ I
5 =70tab O -11 3 O 1 O 20 30

0 16 O -2 O -4 1 18

A
=

100

Z x1 X2 Xs X6 * 4 Xs RHS = = C -5323103- o-I 00 2 5 5 O 100

O - 1 I 3 3
1 O 20 [ 133 jO 160 -2 - 7 4 1 18

A =

3

, 4105

Optimal , Jeasible , proper gaussian form -> doesn't affect optimal value,

corresponding dual constraint

④ Z x1 X2 Xs * 4 Xs RHS is redundant.

I 0025 O 100
Of

tab O -11 31 O 20

0 16 0 -2 -4 1 18

new

const * 4 Xs * RHS

I
4 42 isa O · 100

O -11 31 O O 20

O 16 O -2 -4 1 O 18

· 2350 O 1 56

D-3R ,+ Rs &X6 leaving (using dual simplex) xs entering
Z x1 X2 XsX4Xs * RHS

I 0025 O · 100

0 -11 31 O O 20

O 16 O -2 -4 1 O 18

O 50 - 4 - 30 1 - 10



CR3/-4 RaRstRc &-3R3tRy &-2Rz + Ro

Z x1 X2 XsX4Xs *6 RHS

I 5/2 O O 3.5 0 1/2 95
feasible & optimal

O 14 0 - O 3/ 5%

O 14. 5 O O - 2 . 5 1 - 12 15

O 14 O 13/0 - Y4 10/4
E

- 5



Chapter 9

* Prototype example :

DDV: Xn : # of trucks that will be shipped from cannery i O WH1

*12
: el "C1 to WH2

-> xij
: # of trucks shipped from ith cannery to WH J
: 81 ,

2
, 338 : 31,

2
,

3
, 43

& Oby : min z = 464 Xn + 513422 + 654X1 ... 685 Xs4

of

3 4

min 2 ESijxig where Sij is shipping cost forThe

const : <* + X12 + X13 + 114 & 75 can be

->
4

*
2n

+ Xez + Xez + Xen < 125 E

X31 + X32 + X33 + X34 100

I - =,
Xij = 01 where Di is output.

x+ + x21 + X31 = g

x12 + X22 + X3 = 65
-> Xij

=

Ay where As is allocation

X 13 + 423 + x33
= 70 I

X+4 + 124 + x34 = 85

Mij0 Hij

to make sure you get int. solution :

since output Sum = allocation sum - 1st group of const. can be =



* ⑭ ⑭

⑭
⑭

output ⑲
12

1 7

allocated 18 10 10 18

11 ⑬ ⑭
--> QuiZ

appropriate parameter table :

customer

I 2 34 Dummy output

1800... - O 60

2 Pij O 80

3 O 40

Oi ① 40 60 20 40 20 180

60 --
·O 180
40
- ->

⑳ 48 60 20 48 780
-

160 C DV : -

Xij : # units sold from
plant i to customers

i =2 1233

j = 3 123463

Roby :
maxz = 800 X

,,
+ 700 X12 .. --

-E
. PijXi



=> Sub to :

-x1 + X12 + X13 + 414 +415 = 60
-

E

-> Xij = Di +i -> solution if we remove

E "at Least"

x+ + X21 + X31 = 40

=> Xij = Rj Hj
E

Xij > 0 Hi
, j S

solution if we keep "at least" :

-->

· 40 +60 +20 = 120

Oi 180-120 = 60 units -> cust . 3 Or 4

60

80
· split cust . 3 -> 20 definitely

48 ↳
60 -> yes

O 48 60 20 70 ↳
no

N

max 48 60 88 60
-

240
· cust 4 will either recive 60 or not

> appropriate parameter table :

customers CDV : - Kij : #Mits sold

1 2 3 extra 4 Oi from plant i to

1
*00 700 500 500 200 60

customer j.
2 500 200 100 100 300 80

i = E12343

· 3
600 400 300 300 500 46 j = 2 123453

dam

L
4

- M - M - M O O 60

& by : maxz= Pixig
kent Q 40 60 20 60 60 240

↑
· -M be negative effect for

dummy
plant Max profit. ③ subto : Exij = Di i

·

60 -> max extra value & Xij = Quj



·

if cost- > M

1st &a Indd.
if profit- M

app. Parameter table usage months

Pr P2 Pr P2 Pr Pa Capacityi

-

D
A

② ca

\

③ 3 ③

I
Dummy Production

1 C RT 75 1615 + 1 16+ 2 15 + 1 + 2 16 + 2 + 1 O

· &OT 18 20 18+1 20+2 18+1 +2 20 + 2 + 1 O 3
-

2 CRT M M 17 . 15 17+ 2 15 + 1
②

- ROT M M 28
Ciz

4820+ 2 18 + 1 · 2
--

3ORT M M M M 19 17 O 10

DOT M M M M 22 22 O 3
- &-

Sij Sales 533 E 4 4 12 total = 36

since sum of production > sales ->> add dummy month

Mathematical Model :

· production time periods ·

usage time periods

CDV : -

Xij : # of products produced in time period i to be used in time periody.
i = E1 .. ..63j = 21. ... 73

& Obj : -min cost z = * Cij Xi



② subto :-Xij = Pi Hi - Xy ,
+ 432 + x33 + 434 + x35 + 436 +x37

& Xij =

Sj Nj - <es + 42 + X35 + Xus + Xs5 + x65

Xij > 0 i #j

*

prototype example : "Job shop Company
CDV : -Xij

= E
1 if machine i located at j

O otherwise

i =

1
,

2
,

3
,

4 8 = 1 , 2
,

3
,

4

②obj : -min cost z=M Cijxie

② subto :-Xij = 1 I

=> xs) + X32 + 433 + X su = 1

xij = = +j

=> x12 + 422 + X3 2
+ X4z = 1

xij > 0 ti
, fij

M !
D O · O O ↑



i

j 1

1

1

1

- O O O O O 1

1 1 11 1

DDV :

-Xij
= E

1 if swimmer i is assigned to stroke j
· otherwise

5

②obj : -min z = ↳ E Tir Xij

& subto :- . = 1 Hj/if

3

E
j
Xij = 1 Hi



158
7

60
1 <50

units 20 20 20

9. 1 .
7.

& transportation solution :

- DV : -

Xij : #FL that should be produced at plant i & shipped to DC;

-

obj :-mini Cij Xij
- Sub 50 : -

xM + 421
= 20 xx + X , 2

+ x13 450

3 b on matlab

*
12

+ X22
= 20 * 21 + x22 + X23450

*13 + X23 = 28 xx + x2 + x13 + x2 + 42 + X23 = 60

On mattal : A is coff of ineg . matrix
, define as empty matrix

then edit from workspace.



9. 3 . 7-

② Assignment Solution :

50

< 50
unit 10 20 30

Dist center .

-

10 20 30

1 . 3
-

10 800(10) M M

A 20 800 (10) 700(26) M

30 800(10) 700(20) 400(30)

10 600 (10) M M

B 20 600 (10) 800(28) M

30 600 (10) 800 (20) 500 (30)

- DV : -

xij= if branch i assigned to Dc . jE
otherwise.

-

obj
: - minz= Cij Xi

- Sub to : -41 + 21 + X3,
+ Xun + X5,

+Y61
= 1 + Xi2t X, 3

+ X2 ,
+ X22 + 123 + 431

X12 + X22 + X 32 + Xu2 + X52 + X62= 1 + x32 + 33 2

/ + 2/x 13
+ x2z + X33 + Xuz + 1

53 63
= 1 Xy,

+ Xuet Xuz + X51 + Xs2 + X53 + X61

+ 462 + X03 2

*n + X12 + X 132

E X
3

ij
< 2 fi

j= 1



Chapter 10

* Prototype example "Seervada Park" :

↑ -> final entrance .

#

shortest path betweenO & T : 4

X 10

2
16

X
13 x

5 *

Y z a X
X X

+
* S

7

X
Y

OABDT & OABEDT = 16

40

=> A
70

40 X 100

10 P 60 160

60
O X

50

B
9 *

* 10 T
40

90
80 X

50 X20 E
50 50 X

C

=> OABEDT = 160



Seervada Park second issue : "Minimum Spanning Tree"

& all units connected through telephone lines -> all nodes must be connected

Min Spanning tree algorithm :

I choose any node ·

if 2 lines are equal choose either

② see # of Lines & choose min =>2 opt. solutions .

& treat entire as I node & repeat

starting with D :

= 14 = min .

starting with B :

=> 18



= 26

A

P 60

O

40

· Oo
o
-

T
oI O
- 8↳

50 E

308

* Seervada Park 3rd Problem :

& Max # of sightseers.

->#3 now are max

1/ 1/
2) that can be

5
57 4/ accomodated.

2/ 6/ => 0 is source hode
47

=> T is demand node
4/

=> ABCDE are transshipment

nodes.

Asg orithm :I choose any path ex : OBDT = (5
,

4
,

5) = 4 OABET = (,
2

,
3

,
3) = 1

② find max flow . OADT = 1 2
, 7 , 1) = 1 OBET = ( 1

, 2
, 2) = 1

0CET = (4
,

4
, 7) = 4

-> max flow : 4+ 1 + 4 + 1 + 1 = #



* 10 . 5. 1

& 1257 = (6
,
4

, 4) = 4

4/6
4/4 & 1367 = (4

, 3 , 9) = 3

4/4 1467 = (1
,

4
,

6) = 1
4/4

3/3 319 ⑭ 13467 = (1
, 3

,
3

, 5) = 1

771 1/3 max flow = 9.

2/4

* 10 .
5. J

75175 0 120/120
6565/

30/0 60/70
55 5550/ 50 / 170/190

60 z0 45/45
160 us

I ofq0 11/130
70/70 ->0/90

R, ADT = (75
,

60
,
120) = 60 R

,
AET = (40,

30
, 170) = 30

R
,
BDT = (65

,
70

, 60)
= 60 R BET = (50 ,

50
, 140) = 50

RAET =

(15,
45

, 190)
= 15 R2C ET = (60

,
70

, 90) = 60

R
, BET = (5

,
5

,
55

, 175) = 5

max flow = 395

R CET = (70
,

10
, 30) = 10

R BFT = (80
,

45
, 130) = 45

R3C +T = (60
,

90
, 85)

= 60



9 . 2 :

M

· min z = 4 + CijXij

Sub to :"Xij = S; # m sources Wi

Xij = dj -> n destinations Y

trans problem model :

min z =* CijXij + M(zn +
... Imme

Sub to :"Xij + Zi
= Si

Xij + 2j = d

=

Line 2 xij Zi Zm+ j RHS

O - 1 [ij M M O

? O

i O 1 1 O Si

i O

.
N

M + 1 O t O 1 dy
i

m+ n f O O O

everything else = 0 .



iteration 1 :

+SLine Z Xij zi 2m +j RI

O = (j -MiFVj M-Ui M-Vj
- *Silli= djV

· where U & U are the dual variables

·

Xij nonbasic -> Cij-Ui-Vj is the rate at which I will

change as xij is increased

& in transp . Simplex- & no artificial van needed·
② row O can be obtained without using other

rows -> Cij-Ui-Vj =0

③

& iterations &
& initialization

↳ & optimality test

& iteration .

#of func. const = m +H



* initialization : toSelect BV : C Northwest corner rule

2 vogel's approx . method
& Russel's approx · method

D min cost :

give priority to mode with least cost/unit.

o
min cost #1

30x

since source 4 minO can supply only 50 we give it 50
& eliminate the row

M+ n - 1 = 8 V

& ! initial BF soln.

I

30 1 o
10 30 10

(
↑

I

& ,
I satisfied

So eliminate



column
& Northwest corner rule : C Select X &

② if xij was the last BV selected , select Xi
, j+1

if source i has any supply remaining
if not ,

select Xitt , j . Grow

-> 30 eliminates

30 20 D1 so eliminate

O 60 column

10 30 10
z = 4 (cost x unit)

50

& Vogel's approx · method : for each row column find diff between

smallest & next to the smallest unit cost Cig still remaining
-> in that row/column having largest diff - select the

var. having smallest remaining unit cost.

4 16 -74 = 24

O 22 & largest row diff

O 19 -> 3

23 column -> 19

O D => smallest cost

30
in column 4

19 is 0 -> 30

③ eliminate column



50



* Russel's approx method :D find highest cost value for each row & column

& subtract cost at highest cost.

& select most-ve & allocate

D &

&

8

&

②


