Queuing System

Sales orders waiting for shipping,

Clients waiting at a bank,

Clients waiting for hair cutting at a hair salon

Products waiting for processing on a certain machine
Trucks waiting to be unloaded at a warehouse,
Machines waiting to be repaired by a maintenance crew,
Patients waiting to be examined by a physician

Lines of theater goers waiting to purchase tickets

Or inventory items waiting to be used.

Cost ol operating
the service facility
Total cost per umt time

Cost of waiting
customers per Optimum level
umt time ~ 0f service
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Level of service
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Queuing System

| Service
Single Uﬂf Facilities

- Single or Multiple

. Se_!'yer
\lulnple Lin -

. Service
mn—-—»
; Facilities

3 ‘ ‘ 3 ’ ’ { Smglo or Multnplo

Server
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Queuing System

Customers Waiting Line - Service

Populatlon :
ﬁ Facilitie S
Source '

Pnonty Rule lf—«J s.m,d

Hm; FCFS, EDD, SPT, Preemptive discipline c,...o.,,,,,
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Queuing System

ustomer: person, item, or enti De “processed
- Arrivals
- Number of arrivals, n, during a specified period T, n =0, 1, 2,3,.....
Customer Population: The source of input to the service system,
- Finite or
- Infinite.

Interarrival time: The time between the arrival of a customer and the arrival of
the next customer, (Time between successive arrivals, t, t 2 0)

' Arrival activity (t) '

Customer arrives D uration Arrival of next Customer

Event: arrival (a)
Mean (Average) time between successive arrivals (t,) : The average time
between the arrival of a customer and the arrival of the next customer.

- Constant Arrival , the same time between arrivals,
— Variable, according to a certain probability distribution (exponential distribution)

' 1%t Arrival activity (t,) n : 2°¢ Arrival (ty) ‘m AN ENEESEENNEEE. IQ”Q' & e ‘mm
G—————————————————————

Arrival of next

Customer Aerival of neat Arrival of next Customer Customer
arnves Customer Event: arrival (a,) Event:
Event: arrival

0916555 Probabilistic Operation Research

arrival (a,)

(34)
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Queuing System

= Average Arrival Rate, ( A) : Number of entities arriving in the system during
unit time (customers per unit time).

- Constant Arrival , the same time between arrivals,
Variable, according to a certain probability distribution (Poisson distribution)

!‘ 15t Arrival activity (t,) ’” it 2% Arrival (t,) ‘m EEEEEEEEEEEESE IQ"Q’C__—ONQXt AVl it mm

Arrival of next
Arrival of next Customer Customer

Customer Arrival of next Customer
e : Event: arrival (3a,) Event:

ek . -~ tl -+ tZ - .t n arrival (a,)
Average (Mean) time between arrivals=t_ =

n

=
ta
= Random interarrival time (t,) is described quantitatively In queuing models by

the exponential distribution. and arrival rate A is described bv Poisson

0916555 Probabilistic Operation Research

Exponential Poisson

Random vanable Time between successive  Number of arnivals, n, during a specified
arnvals, penod T

Range t=0 n=012,...

. : i (AT)"e ™"

Density function f(1) =A™t =0 Pa(T) = o | o _ % S S

Mecan value % time units AT arrivals during T

Cumulative probability Plt=A)=1-¢™M Pasn(T) = po(T) + po(T) + -+ + pu(T)

P{no arnvals during period A} P{t> A} =e™ po(A) = ™
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Queuing System

erver: resource (machine, person, runway, parking spot) that serves or
‘processes” customer

- Single server (s =1, orc =1)
- Multiple servers (s, or c)

« Servicing time(interdeparture time): Average time taken to provide the
service or perform the required process

- Constant Arrival , the same time between arrivals,
- Variable, according to a certain probability distribution (exponential distribution)

« Service rate(Service capacity): Average time taken to provide the service or
perform the required process (service rate).

- per server (M)
- per the whole system (sp)

Mm 1%t service (t,) ’Q’ .ﬂ 27d service (t,) S )

Event: Departure Fya D.‘::u" a Event: Departure Event: Departure
(service completion) (d,) LReiae pletion) (d,) (service completion) (d,4) (service completion) (d,)

Start servicing 3 next Customer Start servicing a next Customer Start servicing a next Customer

*

Start servicing a next Customer

Prof. Dr. Mohammad D. AL-Tahat 7 March 2022 12:05 PM Industrial Engineering Department
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Queuing System

* Queue or Waiting Line:
Considering the whole system:

» if A <y : this is queuing situation ( ) and the system is stable. In this
case Iif arrival rate in some time during operation exceeds capacity, then a
queue or (a waiting line) forms.

: (Capacity Problem ) because the steady-state probabilities do not exist

Ui Siig

* Queue size may be finite or, infinite

* Queue discipline: FCFS, SPT, EDD, SIRO, GD

« Customer behavior: patient (JOCKEY _4£i: )or (impatient balking s |
renegingusl oe 7 A2)

Prof. Dr. Mohammad D. AL-Tahat 7 March 2022 12:22 PM Industrial Engineering Department
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Specialized Poisson Queues

= (al b/ C) : (dl e/ f) (Kendall): (lee(d/e)/taha)

d. Arrivals distribution First come. first served
b: Departure (service time ) distribution.
C:. Number of parallel servers Last come, first served

d: Queue discipline.

Service in random order

€. Maximum number allowed in the system. —
f: size of the calling source (finite or infinite)| GD | General discipline I

a,b

Poisson(Markovian) arrivals or departures distribution (or equivalently
exponential interarrival or service time distribution)

Constant (deterministic) time

Erlang or gamma distribution of time ( or equivalently the sum of
independent exponential distributions)

General distribution of interarrival time

0916555 Probabilistic Operation Research

General distribution of service time
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Notation Interpretation

/10):(GD/20/°

Poisson arrivals time $ 4 Size of the source
Exponential interarrival IS infinite

Constant Service time 20 Customer in the
distribution e entire system

10 ldentical The gueue discipline Is
Servers general (any type)

G 5%’)"léf'é‘3%k)

General distribution of t ' Size of the source
interarrival time : s finite

General distribution of There are N
service time = ry— Customers in system

The queue discipline is

R Available servers S :
service in random order

Prof. Dr. Mohammad D. AL-Tahat 9 March 2022 12:11 PM Industrial Engineering Depanmen
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Generalized Poisson queuing Model

e~ ——— —— —— — e ettt ettt ettt ettt ettt e ——————————————————

[+ Comb j arrivals and departures based on exponentia
| distribution.
Poisson distributed arrivals = exponential distributed interarrival.
Exponential distributed departures = Poisson distributed interdeparture.

» Steady-state probability of n customers in the system (p, )
function of

* n= Number of customers in the system (in-queue plus in-service)
A, = Arrival rate given n customers in the system

y,, = Departure rate given n customers in the system

» Using the transition-rate diagram, the steady state is n when No.
of customers in the system n.

state » can change only to
two possible states:z-1 when
a departure occurs at the rate

1 2 z +1)
O/\ /—&){// H, and n+1 when an arrival
.

TR occurs at the rate A,

rof. Dr. Mohammad D. AL-Tahat 9 March 2022 12:18 PM Industrial Engineering Department
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'Generalized Poisson queuing Model

State 0 can only change to state 1 when an arrival occurs at the rate A,.
otice that y, Is undefined because no departures can occur if the

Mon + 1

Pn 1 g “n*lpxu-l

xpected rate of flow into state n ERFI= ‘n-1

xpected rate of flow out of state n ERFO= Ay 1) P,

nder steady-state conditions , for n>0 ERFO=ERFI
>\' Pn l+“n 1" n+l (} +“n)P fOr

n-1 n’

e =11, P, forn = 0=Ea B
7 ., )

o0
nGeneral P, =|—= > |P,,forn=1,2,....and .

1 on

\ un“n—l““ul )
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Generalized Poisson queuing Model

A store operates with 3 checkout counters. The manager uses the]
following schedule to determine the number of counters in the operation
depending on the number of customers in the store:

i)

¢ -

—.y’r-w_-" o & )
=N J

‘-') bil“\ e

— N F - .

~
B

)-h‘ ©

No. of Customers in the Store  No, of Counters in Operation
1-3 1
4-6 2
More than 6 3
Customers arrive in the counter area according to Poisson distribution

—

fions Re:

VI

with a rate of 10 customers per hour. The average checkout time per
customer is exponential with mean 12 minutes. Determine the steady
state probability of n customers in the checkout area.

istic Opei

A=A=A=...=A =10 Cus./hr
U, =M, =H;=060/12 =05Cus./hr.
U, = M5 = Mg = (2) 60/12 = 10 Cus./hr
U, =..=H, =(3)60/12 =15Cus./hr.

Prof. Dr. Mohammad D. AL-Tahat

“Probabil

wodk




Generalized Poisson queuing Model

o  SAcT0CuUs/hr
= M;=60/12  =35Cus./hr.
= Mg = (2) 60/12 = 10 Cus./hi

“7 -, ., - pn — (3) 60/12 :15CUS/hI' ,, [/,,_11,,_ "1‘0 ]Po,forn =l’2,"“andZ° P‘ =]

/l mu n-1°* :ul p

APy =P P, =(%)Po =(?]Po 2P, =2/55
1
MNP =B, forn=0>P =| —

WP, P, = A P, .0,P,. 2 P2={M°]Po=(EJ Py =4P, =4/55 i 2
M2l 5 2+4+8+8+8+8+8(§)
lsz.p.zP2=11P1.p3P3.:>P3=(A e Jpo‘(lo) Py =8P, =8/55 Pl 2Y 2
Mol +8(—) +{-—) + e
- 3 3 |
=P, = [ ok J (TO]( ] =8P, =8/55 _p ol |
TN ¢~ E |
A A, A, 0 ~ % |
=>Ps=[ tatadd ] -(—)[ ] —8P, =8/55 zx'zL |
HLHL LI, 5 =0 1—%

\
:>1>6-[}‘;‘)‘}‘”L ]Pc,:(—o)[ﬂ P, =8P, =8/55
Hght skt gl Hol, 5 10 )

}g } ) 3 3( n—$ 6 n—$6
>P =| == 2 P, = [IOJ (10) 10) P, |= 8(3) P, =8(3) /55.n = 1388
p";l,,_l...ul 5 10 ) \ 15 3 3
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Steady-State Transition Probabilities of A
Generalized finite-Sized Queuing Situation

A car wash facility operates with 4 bays (Servers). Cars arrive according to
a Poisson distribution with a mean of 4 cars per hour and may wait in the
facility’s parking lot if all the servers are busy. The time for washing and
cleaning a car is exponential, with a mean of 10 minutes.

Suppose that the facility has a total of 4 parking spaces. If the parking lot is
full, newly arriving cars balk to other facilities.

1. Construct the state transition diagram

ofoRoRogoRcRoRoXo

2. Setup the set of possible number of cars (n) might be exist in the system

7

n=4{0,1,2,3,4,5,6, 7, 8}

Prof. Dr. Mohammad D. AL-Tahat 1 November 2020 11:36 Industrial Engineering Department
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Steady-State Transition Probabilities of A
Generalized finite-Sized Queuing Situation

A car wash facility operates with 4 bays (Servers). Cars arrive according to
a Poisson_distribution with a mean of 4 cars per hour and may wait in the
facility’s parking lot if all the servers are busy. The time for washing and
cleaning a car is exponential, with a mean of 10 minutes.

Suppose that the facility has a total of 4 parking spaces. If the parking lot is
full, newly arriving cars balk to other facilities.

1. Construct the state transition diagram

2. Setup the set of possible number of cars (n) might be exist in the system

3. What is the average car’s arrival rates; A0, A1, A2, A3,...An-1.

Cars arrive according to a Poisson distribution with a mean of 4 cars per
hour = A0, A1, A2, 23....AT7.

A0 =4 Al=4 ' -

2=4 33 =4 M =4 35 =4 6 =4 1 7= 4 o
: : z n4 : ‘ z ps

0916555 Probabilistic Operation Research
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Steady-State Transition Probabilities of A
Generalized finite-Sized Queuing Situation

4. What is the average car’s servicing rates; n0, pl, p2, pn3, ... pn.

The time for washing and cleaning a car is exponential, with a mean of 10

minutes, this is the service time per car per working bay it is not the rate.

Available minutes per hour (Minutes/ Hour)

Service rate u per single bay ( Cars/Hour) = — .
Servicing time per car (Minutes/ Car)

Service rate u per single bay ( Cars/Hour) = % =6 Cars/Hour @ — Applied whenn =1
. 60 :
Service rate u per two bays ( Cars/Hour) = 2 ( E) =12 Cars/Hour — Applied whenn =
60 :
Service rate u per three bays ( Cars/Hour) =3 ( = ] =18 Cars/Hour — Applied when n =3
60
Service rate p per four bays ( Cars/Hour) = 10 =24 Cars/Hour — Applied when n =24

offofofiof JofloSooNo
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Steady-State Transition Probabilities of A
Generalized finite-Sized Queuing Situation

S. Compute the steady-state probabilities; PO, P1, P2, P3, ...

» P=P

/\\-\/ A\)‘\

(s) () (
/F\J\‘\;

- -

/\( w

=

e~
|l

My iy s i
N1 aa

olizP

Pn.

ili

5Lzt
el
]P %

e
Il

My Jy py H fls M
A B2

P

P, =P,
R[“]R -(2]n
r 52k
Hy py
{44
Myt
R(%A&&
My py J p
[%%A&ﬂ

Hy iy gy py fs Mg p

n [&AAAAA&ﬁ
C /’” T T T N T R T R T A TR

PR
(%

i

118174124)

212k ae

fi s sz as 5e e

6 )iz 75 51 20 s s 20
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Steady-State Transition Probabilities of A
Generalized finite-Sized Queuing Situation

S. Compute the steady-state probabilities; PO, P1, P2, P3, ... Pn.

gy

(0 \/l » P=P

B -
oW

offo

-4
plo=6

pl%4@F{4F
g B e 180
\th F A5 81

p-(Ahi (i)p
U o 1 O

Y 41%
5 Hy My By Hy s ol Ko 90y

[%&&&A&%{'l%
or 0
oy By By By Hs M 4344

) (D p (o hdsdds o { 1}
w12 pl=1s pe =24 ps 24 » wi=24 4 /Il l[ll /13 /14 /ls /16 /1- 0 26.244 0
Q | @%% P, :(

B

I fh Jhs g pis pg p 1 ) (157,464

44@4&&«4%% 1)%
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Steady-State Transition Probabilities of A
Generalized finite-Sized Queuing Situation _

S. Compute the steady-state probabilities; PO, P1, P2, P3, ... Pn.

( » 2 3 : 4 5\\
) G- ) :
3) \9) (81) \81)\l6) \6) (6) (6) \6), ~
\ J 8
eo+(5)+ 5)+ &)+ il )+ ) (i) (o) (770 :
3) (9) (81) \81Ml6) (36) (216) (1296) \ 7776 12
=
[ (2) (2) (4) (4)((129&216+36+6+1J)J ke
Bl =17 = [ =B l= =1 o
3) (9) \81) |81 7776 S
QL
Q
n[1 (5] e Gilla3me)) :
3) (9) (81) 81\ 7776 e
»
po(1+(z)+(z)+(i)+( ! 2
3) (9) \81) (157,464 o
( (104,976+34,992+7,776+l,555)J ~
Po 1+ = e
157,464 o
)
= 14_(149,.299) o 0
| 157,464/ ©
. 1 8

= - - 3=51.33%
P (1+(0.94819)=1=P, T 0.5133=51.33%
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Steady-State Transition Probabilities of A
Generalized finite-Sized Queuing Situation

S. Compute the steady-state probabilities; PO;-P1, P2, P3, ... Pn.

T
I

104,976+ 34,992+ 7,776+ 1,555
ARE =1
157,464

P14 149,299
157,464

1 :0.513.@51.33%)
RS .

P (1+(0 94814)=1=P, =

0916555 Probabilistic Operation Research
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Steady-State Transition Probabilities of A

Generalized finite-Sized Queuing Situation

5. Compute the steady-state probabilities; PO, P1, P2, P3, ...

@ﬁﬂﬁ@ 3.

Prof Dr Mohammad D Al -Tahat

-+ P=P

P —=0.513=51.3%
.f—"_—io E 4
(T«]P"‘(EJ
:ﬁiﬁ(
b H

«4@}
Hy Hy Ky 0

oAb A
Hy iy fs M

hAhhhAl
My Jy fs s
ol Ahs (
YT
(7p. (ﬂo%/hii A
= My My py g Hs g
ofc ¥ L TR
\_,/ N \./ Hy B Jy dy B He Hs [

1 November 2020 1146

oy

g{
2

_%
9

P,

oo

:U

|
|
Y
|
|

5,
3)]3 =0.342=34.2%

=0.114=11.04%

(Sil)Po = 0.0254=2.54%
g

) ( JP 0.00423=0.423%
243

P, = ( 1 )P:7°°3"10'4=7.03x10"-9/o
729

3

Pn.

1

]P =1.17x10"* =1.17x10"%
4374

1
26,244

)P =1.95x10”° =1.95x10°%

P ( : }l’-?.26x10'6:?.26x10“°o
157.464
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Steady-State Transition Probabilities of A
Generalized finite-Sized Queuing Situation

A car wash facility operates with 4 bays (Servers). Cars arrive according to
a Poisson distribution with a mean of 4 cars per hour and may wait in the
facility’s parking lot if all the servers are busy. The time for washing and
cleaning a car is exponential, with a mean of 10 minutes.

Suppose that the facility has a total of 4 parking spaces. If the parking lot is
full, newly arriving cars balk to other facilities.

1. Construct the state transition diagram

2. Setup the set of possible number of cars (n) might be exist in the system

3. What is the average car’s arrival rates; A0, A1, A2, A3,... An-1.

4. What is the average car’s servicing rates; pl, p2, pn3, ... pn.

5. Compute the steady-state probabilities; PO, P1, P2, P3, ... Pn.

6. What is the steady-state probability of having 0 car in the washing facility

Py, = 0.5913 = 51.3% of the time the system has zero car

0916555 Probabilistic Operation Research
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Steady-State Transition Probabilities of A
Generalized finite-Sized Queuing Situation

A car wash facility operates with 4 bays (Servers). Cars arrive according to
a Poisson distribution with a mean of 4 cars per hour and may wait in the
facility’s parking lot if all the servers are busy. The time for washing and
cleaning a car is exponential, with a mean of 10 minutes.

Suppose that the facility has a total of 4 parking spaces. If the parking lot is
full, newly arriving cars balk to other facilities.

1. Construct the state transition diagram

2. Setup the set of possible number of cars (n) might be exist in the system
3. What is the average car’s arrival rates; A0, A1, A2, A3,... An-1.

4. What is the average car’s servicing rates; pl, p2, 3, ... un.

S. Compute the steady-state probabilities; PO, P1, P2, P3, ... Pn.

6. What is the steady-state probability of having 0 car in the washing facility
7. What is the probability that the washing facility is empty of cars

P, = 0.913 = §1.3% of the time the system is empty

0916555 Probabilistic Operation Research
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Steady-State Transition Probabilities of A
Generalized finite-Sized Queuing Situation

A car wash facility operates with 4 bays (Servers). Cars arrive according to
a Poisson distribution with a mean of 4 cars per hour and may wait in the
facility’s parking lot if all the servers are busy. The time for washing and
cleaning a car is exponential, with a mean of 10 minutes.

Suppose that the facility has a total of 4 parking spaces. If the parking lot is
full, newly arriving cars balk to other facilities.

. Construct the state transition diagram

. Setup the set of possible number of cars (n) might be exist in the system

. What is the average car’s arrival rates; A0, A1, A2, A3,... An-1.

. What is the average car’s servicing rates; nl, p2, n3, ... pn.

. Compute the steady-state probabilities; PO, P1, P2, P3, ... Pn.

. What is the steady-state probability of having 0 car in the washing facility
. What is the probability that the washing facility is empty of cars

. What is the probability that the washing facility is full

thh &£ W N =

L J A
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Steady-State Transition Probabilities of A
Generalized finite-Sized Queuing Situation

A car wash facility operates with 4 bays (Servers). Cars arrive according to
a Poisson distribution with a mean of 4 cars per hour and may wait in the
facility’s parking lot if all the servers are busy. The time for washing and
cleaning a car is exponential, with a mean of 10 minutes.

Suppose that the facility has a total of 4 parking spaces. If the parking lot is
full, newly arriving cars balk to other facilities.

. Construct the state transition diagram

. Setup the set of possible number of cars (n) might be exist in the system

. What is the average car’s arrival rates; A0, A1, A2, A3,... An-1.

. What is the average car’s servicing rates; pl, p2, n3, ... pn.

. Compute the steady-state probabilities; PO, P1, P2, P3, ... Pn.

. What is the steady-state probability of having 0 car in the washing facility

. What is the probability that the washing facility is empty of cars

. What is the probability that the washing facility is full

. What is the probability that newly arriving cars balk to other facilities.
Pg=3.26 x 10 * % of the time newly arriving cars balk to other facilities

th &£ W N ==

"o OO0 J A
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Steady-State Transition Probabilities of A
Generalized finite-Sized Queuing Situation

A car wash facility operates with 4 bays (Servers). Cars arrive according to
a Poisson distribution with a mean of 4 cars per hour and may wait in the
facility’s parking lot if all the servers are busy. The time for washing and
cleaning a car is exponential, with a mean of 10 minutes.

Suppose that the facility has a total of 4 parking spaces. If the parking lot is
full, newly arriving cars balk to other facilities.

. Construct the state transition diagram

. Setup the set of possible number of cars (n) might be exist in the system

. What is the average car’s arrival rates; A0, A1, A2, A3, ... An-1.

. What is the average car’s servicing rates; pl, p2, n3, ... pn.

. Compute the steady-state probabilities; PO, P1, P2, P3, ... Pn.

. What is the steady-state probability of having 0 car in the washing facility
. What is the probability that the washing facility is empty of cars

. What is the probability that the washing facility is full

. What is the probability that newly arriving cars balk to other facilities.

0. What is the average number of cars in the system

th & W N -
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' Steady-State Transition Probabilities of A
Generalized finite-Sized Queuinc Situatio

10. What is the average number of cars in the system (Ls)

20N

|| ————

s = i —

L

e

P
—
/’
o
p—
—
-
-
-

e
—
—
/
—
/

-
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| Steady-State Transition Probabilities of A
Generalized finite-Sized Queuing Situation

11. What is the average number of cars Waiting (Queuing) in the system (L.q)

Number of cars
waiting (queuing)

8
L,= ) (n-c¢)p, =0.001

n=c+1=5
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' Role of Exponential Distribution

« Random interarrival and service times are described quantitatively in queumg
models by the exponential distribution, which is defined as

)=

A service machine always has a standby unit for immediate replacement upon |
failure. The time to failure of the machine (or its standby unit) is exponential and |
occurs every 5 hours, on the average. The machine operator claims that the machine || -
is “in the habit” of breaking down every night around 8:30 p.m. Analyze the
operator’s claim. The average failure rate of the machine is A= 1/ = 0.2 failure per §i;
hour. Thus, the exponential distribution of the time to failure is

f=02e""") >0
if the time now is 8:20 p.m.,

T=28:30-8:20 = 10 Min. = 10/60 hr.

-(0. ’)

pt<)=1- ?i’ —003278

fPiro‘ babilistic Ot
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Role of Exponential Distribution

» Random interarrival and service times are described quantitatively in queuing | -
models by the exponential distribution, which is defined as

f)=2e”

 exponential distribution describes the probability that t,, and t, at a particular ||
facility will be no more than T time periods. |

2

: i '?
Fan<D)=—1-¢c“ Mean= i Variance = (i
A )
-ul 1 d 1 Y
Pt . <T)=1-e" Mean=— Variance=|—
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* A mean number of customers arriving per period,

* M mean number of customers completing service per period,

T target time.

* The clerk at a customer complaint desk can serve an average of three customers
per hour. What is the probability that a customer will require less than 10 minutes
of service?

K = 3 customers / hour, T = 10 minute = 10/60 hour=0.167 hours
the probability that the service time of the customer will be no more than 0.167 hours IS

P(t<0.167)=1-¢N167) — 0 39
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Role of Poisson Distribution

Arrival and service Rate are described quantitatively in queuing
models by the Poisson distribution, which is defined as

ZT 4 |
2= ¢ ,) e forn=0100
!
P, (T) = probability of n arrivals in T time periods,

A average number of customer arrivals per period,
The mean of the Poisson distribution is AT,
The variance also is AT.

Poisson distribution is a discrete distribution;

Example

Customers arrive at a complaint desk in a large department store at
the rate of two customers per hour. What is the probability that four
customers will arrive during the next hour?

A = 2 customers / hour, T=1 hour, and n = 4 customers
The probability that four customers will arrive in the next hour is

)= (‘2(41,)) e =0.09
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Pure birth and pure death model

(Relationship between the exponential and the Poisson distributions)

Pure birth model:

- Arrivals only are allowed,
- Ex. Creation of birth certificates for newly born babies.
- Exponential distributed interarrival time (Poisson distributed arrival rate)

Pure death model:

- Departure only are allowed, system starts with N customers at time O
- EX. Random withdrawal of a stocked item in a store.

- Exponential distributed inter-departure time (service time)
Exponential Poisson

Random Variable | interarrival time, Service Number of arrivals, n, during a
time) specified period T (# of served)

Range t>0 n=0,1,2,35:
(AT) éis
n!
Mean value (1/ p) timeunits AT arnivals during T

Cumulative probability p{t < ‘,.\} —1—e* P

n<N

Density function f(O)=pue™,t=0

P(T)= n=0,1,2,...

p{no arrivals during period A} P{t S :\} V'3 (A PO (:\) ke e—
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Pure birth and pure death model

(Relationship between the exponential and the Poisson distributions)

Pure birth model

Example 18.4-1

Babies are born (arrive) 1n a large city at the rate
of one birth every 12 minutes. The time between
births follows an exponential distribution. Find

the following:

(a) The average number of births per year.

(b) The probability that no births will occur duringl day.

(c) The probability of i1ssuing 50 birth certificates in 3 hours, given
that 40 certificates were 1ssued during the first 2 hours of the 3-hr
period.
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Pure birth and pure death model

(Relationship between the exponential and the Poisson distributions)

Pure birth model

Example 18.4-1

Babies are born (arrive) in a large city at the rate
of one birth every 12 minutes. The time between
births follows an exponential distribution. Find
the following:

(a) The average number of births per year.
- l B

= > = births/Minutes

- 24x60
E 1

24 x60x365
E 12

A

=120 births/day

A = 43_800 births/year
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Pure birth and pure death model

~_ (Relationship between the exponential and the Poisson distributions)

Pure birth model

Example 18.4-1

Babies are born (arrive) in a large city at the rate
of one birth every 12 minutes. The time between
births follows an exponential distribution. Find
the following:

(a) The average number of births per year.
(b) The probability that no births will occur duringl day.

A =120 births/day

P {no arrivals during period A} =e™*

AR A A

- . -120(1
P {no arrivals during year 1} = e~V =0

time between successive births exceeds one day
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Pure birth and pure death model

~ (Relationship between the exponential and the Poisson distributions)

Pure birth model
Example 18.4-1
Babies are born (arrive) in a large city at the rate |
of one birth every 12 minutes. The time between @

births follows an exponential distribution. Find ‘%
the following: )

(c) The probability of issuing 50 birth certificates in 3 hours, given | =

U
that 40 certificates were 1ssued during the first 2 hours of the 3-hr |
period. ,

Because the distribution of the number of births is Poisson, the probability of issuing 50 =
certificates in 3 hours, given that 40 certificates were issued during the first 2 hours. 1s equivalent

to having 10(= 50 — 40) births in one (=3 — 2) hr—that is. N
(@ X ])IU‘,—SXI -

12

Pio(l) = — 10! = .01813
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Pure birth and pure death model

~(Relationship between the exponential and the Poisson distributions)

Pure death Model
Example 18.4-2

The florist section in a grocery store stocks 18 dozen roses at the
beginning of each week. On the average, the florist sells 3 dozens
a day (one dozen at a time), but the actual demand follows af -
Poisson distribution. Whenever the stock level reaches 5 dozens, a
new order of 18 new dozens is placed for delivery at the beginning|
of the following week. Because of the nature of the item, all roses|
left at the end of the week are disposed of. Determine thel ©

following:
(a) The probability of placing an order in any one day of the week.
(b) The average number of dozen roses discarded at the end of the week.
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Pure birth and pure death model

(Relationship between the exponential and the Poisson distributions)

Pure death Model
Example 18.4-2

The florist section in a grocery store stocks 18 dozen roses at the
beginning of each week. On the average, the florist sells 3 dozens
a day (one dozen at a time), but the actual demand follows a
Poisson distribution. Whenever the stock level reaches 5 dozens, a
new order of 18 new dozens 1s placed for delivery at the beginning|
of the following week. Because of the nature of the item, all roses|
left at the end of the week are disposed of. Determine thef *

following:
(a) The probability of placing an order in any one day of the week.
1 = 3 dozens per day

p(n < 5) in any one day = p(n <) day 1+ p(n < 5) day 2+ ...+ p(n <3) day 7|~
Pass (1) =po (D) +p, (D +p; () +p, (V) + ps (D)
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Pure birth and pure death model

~ (Relationship between the exponential and the Poisson distributions)

Pure death Model
Example 18.4-2

The florist stocks 18 dozen roses at the beginning of each week.
the florist sells 3 dozens a day (one dozen at a time). Whenever

the stock level reaches 5 dozens, a new order of 18 new dozens is|

placed for delivery at the beginning of the following week.
The probability of placing an order in any one day of the week.
1 = 3 dozens per day

-
—
- .

4“1

L1

p(n < 5)in any one day = p(n < 5)day1+p(n < 5)day 2+....+ p(n < 5)day 7|
Pucsday t=p, () +p,()+p,(O)+p;(D)+p, () +ps() t=1,2,3,455565 §
day1:p,.«(1)=py(1)+p,()+p; () +p, () +ps(D) =

3(:~)19 e 34 3(1)18 e 30 3(1) e 3D NS 3(1)16 e 34 3(1)15 e 30 Q
19" 18! 17! 16! 13! b

=p,(D)+
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Pure birth and pure death model

~(Relationship between the exponential and the Poisson distributions)

Pure death Model
Example 18.4-2

The probability of placing an order in any one day of the week.
i = 3 dozens per day

p(n <5)manyone day=p(n <5)dayl+pn <5)day2+....+p(n <5)day 7
Passday t=p, (1) +p, () +p, (O +p; (O +p, O +ps () t=1,2,3,4,5,6,7

dayl:p (1) =po,(1)+p,(1)+p;(1)+p,(1)+ps(1)

o)+ 2D s 3D s 3T s, 3T MG

19! 18! 17! 16! 15¢
t)18—11 e_3t

,t=1,2,3, 40800
(18—n)

2413
day t:p_ (1) =p,(t) + Z (

n=]
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