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CHAPTER 15

Section 15-3

UCL =CL+ A,T =216.81+0.483(33.33) = 232.91

CL=216.81
LCL =CL- AT =216.81-0.483(33.33) = 200.71

R chart

UCL = D, = 2.004(33.33) = 66.79
CL=33.33
LCL = D4 = 0(33.33) = 0

b) =X =216.81

3333

ot 3333 4315
d, 2534
152 &) X= 362.75 10076 F= % _0239  5=2%_01011
X  Chart
UCL=CL+ A,r=10.076+0.483*0.239=10.191
CL =10.076

UCL=CL-A,r=10.076-0.483*0.239=9.961

R Chart

UCL=D,r =2.004*0.239=0.479
CL=0.239

UCL=D,r =0*0.239=0

b) ¢, = 0.9515
X  chart

S _10076+3-220 10906
cin 0.95

UCL=CL+3

156

CL =10.076

S _10076-3- 219 _ 9046

cin 0.9515\/6

LCL=CL-3
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15-3

15-4

S chart
UCL=5+3>\1-c2 =0.1011+ S[wj 1-0.9515% = 0.1992
Cy 0.9515
CL = 0.1456
LCL=5-3>1-c2 = 0.1011—3[%] 1-0.9515% =0.003 - 0
Cy 0.9515
a) X = 290 1784 5210 _10g6s
25 25
X  chart
UCL=CL+3—>— = 178.4+3(%] -193.91
cian 0.94\5
CL=178.4
LCL=CL-3——= 178.4—3(%j =162.89
cian 0.94./5
S chart

ucCL = §+3Ci 1-c2 =10.864+ 3[%} J0.1164 = 22.693
4 .

CL=13.58
LoL=5-31-cf = 10.864—3[—18'334) 0.1164 = ~0.965 - 0
4 .
b) Process mean and standard deviation
p=x=1784 5==>=20%_1; 557
c, 094
2) X = 20.0 dL —14  d,=2.326 T =1.4(2.326)=32564
2
X  chart
UCL =CL+ A,T =20.0+0.577(3.2564) = 21.88
CL=20.0

LCL=CL- AT =20.0-0.577(3.2564) =18.12

R  chart

UCL = D,F = 2.115(3.2564) = 6.89
CL =3.2564

LCL = D37 =0(3.2564) =0

X  chart wheres/c, =1.5
S

C4’\ﬁ

UCL=CL+3 =20.0+3(L.5) /5 = 22.0125

CL=20.0
s

o

LCL=CL-3 =20.0-3(L.5)/ /5 =17.9875
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S Chart ¢,=09 so 5§5=141
UCL= s+—,/1 c? =1.41+3(1.5)v1-0.94° = 2.945

CL=141

UCL = s——,/1 c2 =1.41-3(1.5)v1-0.94> =0

155 &) x=2200_ 40000 F=2283_ 03804
35 35
Forthe X chart:
UCL =X + AT =4.0009+(0.577)(0.3894) = 4.226
LCL = X — A, = 4.0009—(0.577)(0.3894) = 3.776
For the r chart:
UCL = D,F =(2.115)(0.3894) = 0.8236
LCL = D,F =(0)(0.3894) =0
by 5 =220 _ 01457
35
Forthe X chart:

3 40000+ 3(0.1457)

cian 0.94\/5

3 40000 3(0.1457)

cin 0.94\/5

For the S chart:

UCL=X+ =4.2087

LCL=X- =3.7931

UCL=5 +3— 1-c2 =0. 1457+3(0 1:27) 1-0.94% = 0.3043
4

LCL=5- 3— 1- C4 =0.1457 - 3[001327] xg/1—0.942 =-0.0129
Cy

Because the LCL is negative it is set to zero.

15-6 Forthe X chart:
30

UCL=pu+—==49
g
LoL = u—32 _ a2
Jn
. 6o
The difference UCL—-LCL=—==49-42=7
\/ﬁ
2
= [6(2%25)) =3.7204
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15-7

a)
X-bar and Range - Initial Study
Problem 15-7
X-bar | Range
_____ ‘ _——
UCL: + 3.0 sigma = 96.21 | UCL: + 3.0 sigma = 13.35
Centerline = 85.80 | Centerline = 5.65
LCL: - 3.0 sigma = 75.40 | LCL: - 3.0 sigma = -2.05
\
out of limits =1 | out of limits = 0
Chart: Both Normalize: No
20 subgroups, size 5 0 subgroups excluded
Estimated
process mean = 85.80
process sigma = 3.46678
mean Range = 5.65
Problem 15-7
s
9%
\ A
'
0 %/f
o / \ > e [ 0
=Y
s 540
o 4 & 12 16 20
—_— e e JUsE=3 s
@
g
@
© X=5.65
U.
—_— —|IcL=208

Lo
o+

ro 9l Eida s PR 18
Subgroup
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b)

Charting xbar
| Range
‘ _____
UCL: +
Centerline
LCL: -

3.0 sigma

3.0 sigma

| out of limits = 0

X-bar

UCL: + 3.0 sigma = 93.86
Centerline = 85.24
ILCL: - 3.0 sigma = 76.63
out of limits = 0

20 subgroups, size 5
Estimated

process mean = 85.24
process sigma = 2.87136
mean Range = 5.74

1 subgroups excluded

problem 15-7

851

751

g 11t 13 15 17 18

] —————

10.0

7.97

ge

2 5.0
20

0.0

LW
o
=~

15-5

g 1Y 13 15 1r. 19

UCL=983.86

X=85.24

LCL=76.63

UCL=12.68

X=5.74

LCL=-1.21
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15-8 a)
X-bar and Range - Initial Study
Charting Problem 15-8

X-bar | Range
_____ | —_—————
UCL: + 3.0 sigma = 8.161 | UCL: + 3.0 sigma = 1.851
Centerline = 6.291 | Centerline = 1.133
LCL: - 3.0 sigma = 4.422 | LCL: - 3.0 sigma = 0.415
|
out of limits = 0 | out of limits = 0
Estimated
process mean = 6.2912
process sigma = 0.623153
mean Range = 1.33
problem 15-8
— —— - | UCL=8.161

S R X — | LCL=4.422
S
1 3 & .7 9 1498 48 3749 2128 25
2.001
e = G - | UCL=1.851
1.754
1.504
251
g X=1.133
1.001
0.75
0.501
_ = — |LCL=0.415

T

1 3 &§0F 8 b ikF4a1F 18.24-23: 25
Subgroup
There are no points beyond the control limits. The process appears to be in control.

b) No points fell beyond the control limits. The limits do not need to be revised.
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15-9

a) X-bar and Range - Initial Study

Charting Problem 15-9
X-bar | Range
_____ ‘ —_—————
UCL: + 3.0 sigma = 17.48 | UCL: + 3.0 sigma = 5.947
Centerline = 15.12 | Centerline = 2.31
LCL: - 3.0 sigma = 12.75 | LCL: - 3.0 sigma = O

\

Test Results: X-bar One point more than 3.00 sigmas from center line.
Test Failed at points: 4 6 7 10 12 15 16 20

Test Results for R Chart: One point more than 3.00 sigmas from center line.

Xbar-R Chart of x1, ..., x3
20 B

e UCL=17.48

2154 / \VP—\ /\ #u15.52
=i = — LCL=12.75
UCL=6.047

R=2.310

LCL=0

b) Removed points 4, 6, 7, 10, 12, 15, 16, and 20 and revised the control limits. The control limits are not as wide after
being revised: X-bar UCL =18.362, CL = 15.797, LCL = 13.232 and R UCL = 6.454, R-bar = 2.507, LCL = 0.

15-7



Applied Statistics and Probability for Engineers, 6™ edition

Xbar-R Chart of x1. .... x3
Revised Control fimits
UCL=18.382
Ret1s.797
e LCL=13.232
UCL#8.454
k=2.507
- e — - LCL=0
¥ £ I L) 1 L)
i 2 3 4 5 & . 1.@& - F oW N 12
c) X-bar and StDev - Initial Study
Charting Problem 15-7
X-bar | StDev
_____ ‘_____
UCL: + 3.0 sigma = 17.48 | UCL: + 3.0 sigma = 3.106
Centerline = 15.12 | Centerline = 1.209
ILCL: - 3.0 sigma = 12.75 | LCL: - 3.0 sigma = O
\

Test Results: X-bar One point more than 3.00 sigmas from center line.

Test Failed at points: 4 6 7 10 12 15 16 20

Test Results for S Chart: One point more than 3.00 sigmas from center line.

Xbar-S Chart of x1, ..., x3

15-8

UCL17.48
Ra1512

LCL=1275

UCL#*3.106

1208

LCL=0
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Removed points 4, 6, 7, 10, 12, 15, 16, and 20 and revised the control limits. The control limits are not as wide after
being revised: X-bar UCL =18.362, CL = 15.797, LCL = 13.232 and S UCL =3.371, S-bar = 1.372, LCL = 0.

Xbar-S Chart of x1, ..., x3

Revised Controi limits

1 ucL=18.362

R=15.797

v i - LCL=13.232

UCL=3.371

S=1.212

LCL=0

15-10  a) The average range is used to estimate the standard deviation. Samples 2, 9, and 17 are out-of-control.

Xbar-R Chart of x1, ..., x5
4.98 o :
A
UCL=4.97331
c 4.97 Ne—o—o
@ 4.96 ' V X=4.96065
a
B ass] \
@ 4951 \/ LCL=4.94799
4.94 + T T T T T T T T T
2 4 6 8 10 12 14 16 18 20
Sample
0.060 - T
o 0.045 - /\ UCL=0.04641
o
c
@
e S\ A
E R=0.02195
£
g 00154 / \/.\/' v \//.\\\‘/\
0.000 -| LCL=0
T T T T T T T T T T
2 4 6 8 10 12 14 16 18 20
Sample

b)
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Xbar R Chartof x1_1,...,x5_1

c) For Y -S chart

UCL=4.97284
4,970 -
s
% 4,965 ~
£ 40 F=4.36124
5 4,955
4,950 - LCL=4.94963
2 4 6 8 10 12 14 16
Sample
o UCL=0,04254
v
2 0.03
o
© 0.02 - R=0.02012
a
]
& 0.014
0.00 LCL=0
2 4 6 8 10 12 14 1
Sample
Xbar-S Chart of x1, ..., x5
4.98 T
aN UCL=4.97333
e 497
o
z /\ /\/\ 5
@ 4.96 » v X=4.96065
=3
O G \/ LCL=4.94797
494 + ; T T T T T T y
2 4 6 8 10 12 14 16 18 20
Sample
0.020
AN UCL=0.01855
% 0.015
Q
g Va\
é‘ 0.010 / 5=0.00888
& 0.005
0.000 LCL=0
T T T T T T T T T
2 4 6 8 10 12 14 16 18 20
Sample
Xbar-S Chartof x1_1, ..., x5_1
UCL=4.97305
4.970 -
§ 4.965 - /\ /\/\
= =
X=4.96124
2 4.960 A\
£
& 4.955
4.950 - LCL=4.94942
2 4 6 8 10 12 14 16
Sample
0.020
1
e UCL=0.01730
> 0.015 -
o
Q
-}
® 0.010 /\ B
2 - 5=0.00828
e |/ VTV T
& 0.005 -
0.000 LCL=0
2 4 6 8 10 2 14 16
Sample
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15-11  a) The control limits for the following chart were obtained from R using Minitab.

b) The test failed at point 6. The control limits are revised one time by omitting the out-of-control points. However, the
charts still show additional out-of-control signals.

¢) The control limits for the following charts were obtained from S using Minitab

15-11
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d) The test failed at point 6. The control limits are revised one time by omitting the out-of-control point. However, the
charts still show an out-of-control signal.
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15-12

(a) X = 11435 _ 476 T = 859 _ 0.36
24 24

The value of A, for samples of size 6 is A, = 0.483 from Appendix Table XI.

X  Chart
UCL=CL+A,r=4.76+0.483*0.36 = 4.93
UCL=CL-A,r=4.76-0.483*0.36 = 4.59

R  Chart
UCL=D,r =2.004*0.36 =0.72
UCL=D,r=0*0.36=0

) s=>92_015
24

X  Chart
c *

UCL=CL+—5_ _476+°-015 _ 495

c,v/n 0.9515+/6

35 3*0.15

UCL=CL-—> =476-—" =" —457

c,</n 0.95151/6
S  Chart

c *
UCL=5+3 1-c2 =0.15+ 370.15 V1-0.9515% =0.295

c, 0.9515

c *

UCL=5- i—s 1-¢2 =0.15- :é 9%;: J1-0.95152 =0.005

4

15-13  a) The control limits for the following chart were obtained from ﬁ .

¥bar-R Chart of x1, ..., x4

166, -

S LK0=165.233

H

64,4 =

I F=164.0%
£ 122

E 7 \/ LCL=162. 536

162.0 -

T T T T T T T T T T T T T
1 E] c 7 9 11 12 15 17 19 21 = =
Sample

=372

w i
N 1

Sample Range
o
1 1

F=1.£43
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b) The test failed at points 14 and 23. The control limits are revised by omitting the out-of-control points from the

control limit calculations.

Xbar-R Chart of %1, ..., x4

166, 8 o

1656 4

164

163.2

e /\ e
p— \r"f - p—

LK 165,336
Fetid, 107
LiLmi62, 80

162,04

I

T T T
21 = =

T T
17 13

LS
\\\
T et
T T y T T
1 19 21 &

=

&
samph

ANAVANS.

15

T
i1

LKL 3

Py

Rl 685

Sample Range

-

17N\~

An additional point is out-of-control and limits might be estimated again with this point eliminated.

T T T
# q 11 13
Saniph

15-14  For the X chart:
X  Chart
3o
UCL= yu+—=67.83
S
3o
UCL=uyu———=62.34
T
The difference UCL—-LCL = 6—0 =67.83-62.34=5.49
Jn
*
N (6 2.05)2 _s
5.49
15-15  a)
x=300 " _15d,=2704 F=15%2.704=4.056
d,
X  Chart
UCL=CL+ A,r=30+0.419*4.056 =31.70
CL=30

UCL=CL-A,r=30-0.419*4.056 = 28.30

R  Chart
UCL=D,r =1.924*4.056 = 7.80
CL =4.056

UCL =D,r =0.076*4.056 =0.31
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b)
X  Chart where §/c,=18
c *
UCL=CL+- 22 304318 3504
c,Vn J7
CL =30
c *
ucL=cL__5_ _39_3"18 5546
c,vn J7

S Chart ¢,=09594 so §5=173

UCL:§+§ichf:325
4

CL=1.73
UCL = §—3—S 1-c¢2 =0.21

Cy

15-16  a) The difference UCL — LCL = 66y = 49.0—40.00=9.0

A

N 9.0 . . . A o
Therefore, oy = ? =1.5 because the limits are six standard errors wide. Then oy = —= . Therefore,

J4
6=15x2=30.
b) No, the calculation in part (a) is valid regardless of the method used to construct the control chart.

15-17  a) The difference UCL—LCL =66, =74.98—-64.68=10.3
. 103 . _ _ . o)
Therefore, oy =——=1.72, because the limits are six standard errors wide. Thenoy = —=.
6 Va4
Therefore, 6=1.72*2=3.44.

b) No, the calculation in part () is valid regardless of the method used to construct the control chart.
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Section 15-4
15-18 a)
Individuals and MR(2) - Initial Study
Charting Problem 15-18
Ind.x | MR (2)
_____ ‘ —_————
UCL: + 3.0 sigma = 60.66 | UCL: + 3.0 sigma = 9.29
Centerline = 53.1 | Centerline = 2.84
ILCL: - 3.0 sigma = 45.54 | LCL: - 3.0 sigma = 0
\
out of limits = 0 | out of limits = 0
Chart: Both Normalize: No
20 subgroups, size 1 0 subgroups excluded
Estimated
process mean = 53.1
process sigma = 2.51960
mean MR = 2.84

There are no points beyond the control limits. The process appears to be in control.

I-MR Chart of Hardness

60

dss. A /\ //\ /\\//\ -

250
45 LCL=45.54
P | 3 5 7 9 ¥ 13 15 7 19

UCL=9 .29
7.5

; PA_A

9.5 . MRe2.84

0.0+ N \/ \/ LCL=0
1 3 5

7 ) i 13 15 17 19

b) Estimated process mean and standard deviation

15-16
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15-19  a) The process appears to be in statistical control. There are no points beyond the control limits.
I-MR Chart of Wafer
UCL=19.183
§ N /\/\
316 *\\V, ‘\\//‘//J//\\g4/‘\\\__.——*\\//f>“_5‘\\‘//”x\\\\/%/\\\//h\\k\‘,,' X=15.973
gl 44
LCL=12.764
lz- T T - T R T T Y T — e
suvgroup | 4 7 6 13 16 19 22 25 28
4.5
UCL=3.943
X /\
VA=A VA WA =
0.0 LCL=0
b) Estimated process mean and standard deviation
- . mr 1207
1=X=15973 oc=—=—-—-=107
d, 1.128
15-20 a) Ind.x and MR(2) - Initial Study
Charting diameter
Ind.x | MR(2)
_____ ‘ —_—————
UCL: + 3.0 sigma = 10.564 UCL: + 3.0 sigma = 0.6575
Centerline = 10.029 Centerline = 0.2012
LCL: - 3.0 sigma = ILCL: - 3.0 sigma = 0

|
\
9.494 |
\
|

out of limits

out of limits

Chart: Both Normalize: No
25 subgroups, size 1

Estimated

process mean = 10.0288

process sigma = 0.178413

mean MR (2) = 0.2012

0 subgroups excluded
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15-21

There are no points beyond the control limits. The process appears to be in control.

b) Estimated process mean and standard deviation

.o . mr 0.2012
1=%X=10.029 o=—=———=0.17837
d, 1.128
a)
Ind.x and MR(2) - Initial Study
Charting Problem 15-21
Ind.x | MR(2)
_____ ‘_____
UCL: + 3.0 sigma = 552.9 | UCL: + 3.0 sigma = 64.49
Centerline = 500.4 | Centerline = 19.74
LCL: - 3.0 sigma = 448 | LCL: - 3.0 sigma = O
\
out of limits = 0 | out of limits = 0
Chart: Both Normalize: No
20 subgroups, size 1 0 subgroups excluded
Estimated
process mean = 500.45
process sigma = 17.4972
mean MR (2) = 19.74
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b) Estimated process mean and standard deviation
mr19.74
d, 1.128

=X =500.45 =175

15-22  a) The process is out of control. The control charts follow.

I-MR Chart of Thickness

100

Observation

Remove the out-of-control observation 25:

15-19

¥
o 754
E;
s
3 504
E
b
2 25
S
04
T T T T T T T T T T T T T
1 3 5 7 9 11 13 15 17 19 21 23 25
Observation
60 !
o
2 454
5
4
2 304
3
o
TR
0
T T T T T T T T T T T T T
1 3 5 7 9 11 13 15 17 19 21 23 25

UCL=91.5

X=41.6

LCL=-8.2

UCL=61.26

MR=18.75

LCL=0
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I-MR Chart of Thickness
80
3 60
S
S 40
2
2
'g 20
04
T T T T T T T T T T T T
1 3 5 7 9 11 13 15 17 19 21 23
Observation
60
o 45
o
c
2
5 30
=
>
o
= 159
04
T T T T T T T T T T T T
1 3 5 7 9 11 13 15 17 19 21 23
Observation

UCL=83.58

X=39.29

LCL=-5.00

UCL=54.41

MR=16.65

LCL=0

b) From the centerline of the x chart, /2 = 39.29. Also, ¢ = MR/d, = 16.65/1.128 = 14.76

15-23

a) The process is out of control. The control charts from Minitab follow.

Remove the out-of-control observation 25:

15-20
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b) From the centerline of the x chart, zz=39.59.
Also, 6=MR/d, =16.04/1.128=14.22

15-24  a) The process is in control. The control charts from Minitab follow.

b) From the centerline of the x chart, /= 82.

From x chart the difference UCL — LCL = 116.78 —47.92=68.86 =6 &
Therefore, & = 68.86/6 = 11.48
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Section 15-5

15-25

15-26

15-27

a) The natural tolerance limits are 90 + 18.

PCR = USL-LSL _40 =1.1111
60 36

Since the mean of the process is not centered at the nominal dimension,
. 110 30
PCR, =min| —, —
18 18
The small PCRy indicates that the process is likely to produce units outside the specification limits.
The fraction defective is

P(X <LSL)+P(X >USL)= P[Z <_T10j+P[Z >%]

=P(Z <-1.67)+P(Z >5)
= 0.04806 + 0
— 0.04806

b) The natural tolerance limits are 100+18 .

pecr=BE=ESE_40 4 44py

60 36
Since the mean of the process is centered at the nominal dimension,
PCR=1.1111

Since the process natural tolerance limits lie inside the specifications, very few defective units will be produced.
The fraction defective is 2d(—20/6) = 0.0858%

a) PCR= UsL-LSL _ 15 =15 so 0=1.6667
60 60
b) (20 + 35)/2 = 27.5 When the process is centered at the nominal dimension, the fraction defective is minimized for

any c.

a) The natural tolerance limits are 25 + 6.
pecr=BLZLSL 30,5
60 12

Since the mean of the process is not centered at the nominal dimension,
. 121 9
PCR, = min {—, —} =15
6 6

Since the process natural tolerance limits lie inside the specifications, very few defective units will be produced.
The fraction defective is 2d(—15/2) =0

b) The natural tolerance limits are 28 + 6.
PCR = USL-LsL - 30 =25
60 12
Since the mean of the process is not centered at the nominal dimension,

PCR, = min{g, E}:2
6 6

The fraction defective is P(X < LSL)+P(X >USL) =P(Z <-18/2)+P(Z >12/2)=0+0=0

c¢) The measure of actual capability decreases and the fraction defective remains the same when the process mean is
shifted from the center of the specification limits.

15-22
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15-28  a) If the process uses 69% of the specification band, then 66 = 0.69(USL — LSL). Because the process is centered
30 =0.69(USL — z1) = 0.69(z— LSL) = 0.69(USL — 1)
4350 =USL— = pu—LSU
PC=PCR, = min[@,@} =1.45
3o 3o

Because PCR and PCRy exceed unity, the natural tolerance limits are inside the specification limits and few defective
units should be produced.

b) Assuming a normal distribution with 66 = 0.69(USL — LSL) and a centered process, then
30 = 0.69(USL — p). Consequently, USL — p=4.35c and pu — LSL = 4.35¢

P(X >USL) = P(Z >@j = P(Z > 4.35)=1- P(Z < 4.35)
(o

=1-1=0
By symmetry, the fraction defective is 2[P(X > USL)] = 0.

USL - LSL 1 111

15-29  a) If the process uses 90% of the spec band then 66 = 0.9(USL — LSL)and PCR= —————=—=1.
0.9(USL-LSL) 0.9
Then 36 = 0.9(USL — 1) = 0.9(u — LSL)

Therefore,

. 13330 3.33
PCR, = mln{—a,—a} =111
o 3o
Because PCR and PCRy exceed unity, the natural tolerance limits are inside the specification limits and few defective

units should be produced.

b) Assuming a normal distribution with 66 = 0.9(USL — LSL) and a centered process, then 3¢ = 0.9(USL — p).
Consequently, USL — p=3.33c and p— LSL =3.33c

P(X >USL) = P(Z > 3330) =P(Z >3.33)=1-P(Z <3.33)
()

=1-0.999566 = 0.000434
By symmetry, the fraction defective is 2[P(X > USL)] = 0.000868

15-30  Assume a normal distribution with zz=216.81 and & = % =13.15

A

LSL—,&] _ P[Z _170-216.8

P(x <LsL)=p(z < Y =p(z <350

& 13.15
=0.000185
P(X >USL) = P(Z > USE_“) = P(Z > —270_216'81j =P(Z >4.04)
& 13.15

=0
Therefore, the proportion nonconforming is given by
P(X <LSL) + P(X > USL) = 0.000185 + 0 = 0.000185
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USL—LSL 270-170
6(6) 6(13.15)

PCR, - min{USLA—x, x—LSL}

=1.267

PCR =

30 36
[270-216.81 216.81-170
B { 31315 ' 3(13.15) }

=min[1.348, 1.187]

=1.187
The process capability is marginal.

15-31 &) Assume a normal distribution with £ =10.076 and & = I 0239 =0.094
d, 2534
P(X <LSL)= P(Z < Ls'j_“] = P[ 9510 076) Z <-6.13)
c 0.094

=0

. USLA—yj _ P[Z . 10.5—10.076] _P(Z > 45

P(X >USL) = P(Z
& 0.094

=0
Therefore, the proportion nonconforming is given by P(X < LSL) + P(X >USL)=0+0=0

USL-LSL 10.5-95

b) PCR =
6(6) 6(0 094)
PCR, =min USLf . ESL
30 30

. 110.5-10.076 10.076-9.5
- { 3(0.094) ' 3(0.094) }
= min[1.50, 2.04]
=15
Because PCR and PCRy exceed unity, the natural tolerance limits are inside the specification limits and few defective

units should be produced.
Because PCRy = PCR the process appears to be centered.

N . § 10.864
15-32  a) Assume a normal distribution with ;z=178.4 and o = C " o9a 11.56

A
P(X <LSL)= P[Z < LSLA_”] = P[z <Mj =P(Z2<-332)
& 11.56

=0.00045

USL-u ”j - P(Z > —260_178'4] = P(Z > 7.05)

P(X >USL) = P[Z >
& 11.56

=0
Probability of producing a part outside the specification limits is 0.00045 + 0 = 0.00045

15-24



Applied Statistics and Probability for Engineers, 6™ edition

USL-LSL _260-140 _ .
6(5) 6(11.56)
USL-X i—LSL}
3¢ ' 36
_ [260-178.4 178.4-140
- { 3(11.56) ' 3(11.56) }
=min[2.35, 1.11]

=111
Because PCR and PCRy exceed unity, the natural tolerance limits are inside the specification limits and few defective
units should be produced. The estimated proportion nonconforming is given by P(X < LSL) + P(X > USL) =

0.00045 + 0 = 0.00045

PCR =

PCR, = min{

15-33  Assuming a normal distribution with zz=20.0 and 6=1.4
USL-LSL 25-15

PCR = - = =1.19
6(6)  6(L4)
PCR, =min USL:”, ﬂ_I:SL
30 30

_min| 25720 20-15
B 3(1.4) ' 3(1.4)
= min[1.19, 1.19]

=1.19
The process is capable.

1530 a) 61 =% 5468 500002468
, 2326
pcg_ USL—LSL _12611-12561
6(5) 6(0.0002468)
PCR, = min USLA— X 7 X — I:SL
30 30

_[1.2611-1.2586 1.2586—1.2561
3(0.0002468) ' 3(0.0002468)
— min[3.38, 3.38]

=3.38
Because PCR and PCRy exceed unity, the natural tolerance limits are inside the specification limits and few defective

units should be produced.
Because PCR, = PCR the process is centered.

b) Assume a normal distribution with zz=1.2586 and & = 0.0002468

P(X <LSL)= P[Z < Ls'j_“j =P(2<-1013)=0
o

~

P(X >USL) = P[z > USL_“) = P(Z >10.13) =1 P(Z < 4.46)

=0
Therefore, the proportion nonconforming is given by P(X < LSL) + P(X>USL)=0+0=0
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15-35

15-36

15-37

15-38

Assuming a normal distribution with zz=6.291 and & = % =0.786
PCR:USL_ALSLz 8-4 085
6(o) 6(0.786)
PCR, = min USL:X , X — I:SL
Kle) 3o

. [8-6291 6.291-4
B 3(0.786) ' 3(0.786)
= min[0.725, 0.972]

=0.725
The process capability is poor.

PRI Y
d, 1693
% =15.12

P(X >13)+P(X <7)
15—15.12) N P[Z < 5—15.12]
1.693 1.693

=P(Z >-1.25)+ P(Z < -4.796)
=0.8944+0.0 =0.8944

_ 187 _os;

6(1.693)

Because the estimated PCR is less than unity, the process capability is not good.

=P(Z>

Assuming a normal distribution with /£ =500.45 and & =17.497
USL—LSL 530-470

PCR = — = =0.572
6(o) 6(17.497)
PCR, = min USL:X , X — I:SL
30 3o

. [530-500.45 500.45-470
B 3(17.497) ' 3(17.497)

=min[0.563, 0.58]

=0.563
Because the process capability ratios are less than unity, the process capability appears to be poor.

a) The natural tolerance limits are 120 + 3(6.5) = (100.5, 139.5)
The fraction conforming is
P(110 < X <130) = P[(110 — 120)/6.5 < Z < (130 — 120)/6.5] = P[-1.5385 < Z < 1.5385] = 0.87644
Therefore the fraction defective = 1 — 0.87644 = 0.12356
PCR =20/(6 x 6.5) = 0.513
PCRy = 0.513 because the process is centered within the specifications.
b) The shiftis 1.5 x 6.5 = 9.75. The natural tolerance limits are 129.75 £ 3(6.5) = (110.25, 149.25)
The fraction conforming is
P(110 < X < 130) = P[(110 — 129.75)/6.5 < Z < (130 — 129.75)/6.5] = P[-3.04 < Z < 0.04] = 0.51477
Therefore, the fraction defective = 1 — 0.51477 = 0.48523
PCR remains the same = 20/(6 x 6.5) = 0.513.
The nearest specification to the process mean is 130. Therefore,
PCRy = (130 — 129.75)/(3 x 6.5) = 0.0128
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¢) The fraction defective increases in part (b) when the process mean shifts from the center of the specifications. This
change is reflected in the decreased PCR.

15-39  a) The natural tolerance limits are 150 + 3(c) = 150 + 18
The standard deviation = 6.
b) PCR =40/ (6 x 6) =1.11
PCR, = 1.11 because the process is centered within the specifications.
The process width = 18 and the specification width = 20. The percentage of the specification width used by the process
=18/20 = 90%
¢) The fraction conforming is
P (130 < X < 170) =P [(130 — 150)/6 < Z < (170 — 150)/6] = P [-3.33 < Z < 3.33] = 0.9991
The fraction defective = 1 — the fraction conforming = 1- 0.9991 = 0.0009
15-40 ) For the % chart: The difference UCL — LCL = 66 =28.8-24.6 =4.2
. 4.2 N
Therefore, Oy = Y =0.7a0d6 =074 =14
b) PCR = (32 - 24)/(6 x 1.4) = 0.9524
The control charts are centered at (28.8 + 24.6)/2 = 26.7 so this value estimates the process mean.
PCRy = (26.7 — 24)/(3 x 1.4) = 0.6429
15-41  a) The difference  UCL—LCL=66=1.80-1.62=0.18
. 0.18
Therefore, & = e =0.03
b) PCR = (1.84 — 1.64)/(6 x 0.03) = 1.11
The control charts are centered at (1.80 + 1.62)/2 = 1.71 so this value estimates the process mean.
PCRy = (1.71-1.64)/(3 x 0.03) = 0.778
Section 15-6
15-42  a) This process is out of control

p Chart for FractionDefective
3o Umas
For n=1500C

UCL= D83S

P=.0045

Proportion for Fad

0 2 '] 8 3 10 12 14 18
Sutgroup hdex (sample)

Subgroup Stzes n= 1500

b)
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p Chart for FractionDefective

0150

Jalmits
Forn=150
A A
'f \ /|
0125 /—\ /,’ ll UCL= 1247
f \
J \'1 ‘
_ 0100 \, 4 |
£ \ / |
k=] \ ‘l' |
£ 0075 \ / |
< ‘!\ / | A
] / \ v 0645
2 V | / \ — o D64
o {\ /
0050 / \ /'
J \
, J Y/
\ — o’ ‘J
0028 N’
v
Cl» 0643
0000 LCL» 004
] 2 1 fi 8 10 12 " 16 te 20

Subgroup indax (sampls)
Subgroup SZes n=190

The process is still out of control, but not as many points fall outside of the control limits. The control limits are wider
for smaller values of n.

Test Failed at points 5 and 7.

The following chart eliminates points 5 and 7.

p Chart for FractionDefective

JoLUmas
0125 Forn=150
R UCL=1125
\ / 'll
0100 \ / \
\ f \
\ | \
\ J \
T \
3 | \
= 00rs \ / \
8 \/
= \/ \ \
2 ' \ /) —
5 \ f\ / Fa 0561
2 \
e 0050 \ J \ "
a \ / \ f
l‘ J . ’A’
l.‘ - / ‘}
0025 \ /
\/
0,000 LCL=0
0 ‘| i 6 8 10 12 14 16 16 N

Subgroup bhdex (sample)
Subgroup Sizes n=150

¢) The larger sample size leads to a smaller standard deviation for the proportions and. Thus. narrower control limits.
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15-43  a)

b) The process appears to be in statistical control.

15-44 P Chart - Initial Study
Charting Problem 15-44
P Chart
UCL: + 3.0 sigma = 0.2001
Centerline = 0.1519
LCL: - 3.0 sigma = 0.1037

out of limits = 12

Estimated
mean P = 0.1519
sigma = 0.0160516
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The samples with out-of-control points are 1, 2, 3, 6, 7, 8, 11, 12, 13, 15, and 20. The control limits need to be revised.

P Chart - Revised Limits
Charting Problem 15-44

P Chart

UCL: + 3.0 sigma = 0.2013
Centerline = 0.153
LCL: - 3.0 sigma = 0.1047
out of limits = 0

Estimated

mean P = 0.153

sigma = 0.0160991

There are no further points out of control for the revised limits.

15-45  The process does not appear to be in control.
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15-46

b) The control limits are calculated without the out-of-control points. There are no further points out of control for the
revised limits.
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15-47 Q)

U Chart of No of Earthquakes

45
1

401 1
1

; ;

354

30 A

254

201

Sample Count Per Unit

15 A

10

UCL=32.41

U=19.25

LCL=6.08

1
T
1
T T T T T T T T
1 12 23 56 67 78 89 100
Sample

i
o

b) No. The process is out-of-control at observations 11, 44, 47, 50, 51, 58, and 87. The control limits are revised one
time by omitting the out-of-control points. However, the chart shows additional out-of-control signals.

U Chart of No of Earthquakes

45
1

40 1
1

1
35 ﬂ
1
]

304

254

204

Sample Count Per Unit

154

10

T T T

Nﬂ I
1 12 23 34 45 56 67 78 89
Sample

100
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15-48  a) The process is NOT in control. The P chart for subgroups of size 200 follows.
p Chart for FractionDefective

3o Limits
05 Forn=200
04 /
& UcL=35
8
g 03
¥
g P=28
[
!
nn
LCL=17
a1
0 2 4 € ] 10 12 14 6 18 20

Subgroup Indax (sample)
Subgroup S2es n=200

The P chart for subgroups of size 200 follows with points 5, 9, 12, 20 removed from the control limits

calculations.
p Chart for FractionDefective
o Limits
035+ For w200
UCL=330
030
"
L 028
K- F=240
s
£
a
g 020
[+
013 LCL=149
010

[ 2 4 6 8 10 12 14 16 18 20
Subgroup Index (sample)
Subgroup Sizes n=200

b) The P chart for subgroups of size 50 follows.
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p Chart for FractionDefective

3o Limets
0.5 Fot n=50
| UCL= 45
|
J
04 I
M A '
| N\ |
J f \ |
\
A A / \ [\ A |
w 03 \ J L\ | \ A f\ |
~ /\ | \ / \ A [\
2 [\ A / \/ \ /\ [\ | :
= / \ [\ f v \ | \ | P=2%
2 / \ f \ { \ |
S \ f \ f |” | I
g 02 \ ] /
(4] / -
/
01
LCL= 07
00
10 12 14 16 f 20

Subgroup Index [sample)

Subgroup SEes n=50

The P chart for subgroups of size 100 follows with point 20 removed from the calculations for the control
limits. The control limit is revised one time by omitting the out-of-control points.
p Chart for FractionDefective

Jo Limits
03 For n=50
UCL= 43
od
~ A
A
f " \
= J vy
B p / [\ A
L 03 \ / \ f\
3 J \ /\ [\
Kl \ A J \ /\ |\
‘E’ \ ,’ \.\ | \ \ "v \ By 14
3 / \ | Vv \ |" \
g 02 \ f 5 | \ / '
o "‘ = -~
/
01
LCL=07
00
4 6 8 10 12 " 16 16 0

Subgroup Index (sample)

Subgroup Szes n=30

c¢) The control limits in parts (a) and (b) differ because the subgroup size has changed. The number of
defectives is from 200 wafers in part (a) and the same number of defectives is from 50 wafers in part (b).
This changes the centerline of the charts and the chart in part (2) also has tighter limits because it uses a

larger sample size.
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15-49  a) The U chart is appropriate for these data.

b) The U chart from Minitab follows

c) The process is out-of-control at point 17. The U chart from Minitab follows with point 17 removed from the
calculations for the control limits
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Section 15-7

15-50  a) (109 -100)/3=3
b)

POl< X <109) = p(P1=9%6 X -u 109-96

Oy 3
=P(Z <4.33)-P(Z <-1.67) =0.953

)=P(-1.67<Z < 4.33)

The probability of detecting is 1- 0.953 = 0.047.

¢) 1/0.047 = 21.28 ARL to detect the shift is about 21.

15-51  a) ,u+3i =UCL

Jn

O
100 +3-— =106
Jo

0'=§(106—100) -6

o 6
b) 6y =——==—==2, =96
Jn 3 H

94 - 96 )?—,u 106 - 96
< <
o, 2

X

P(94<X<106)=P( JzP(—1<Z<5)
=P(Z <5)-P(Z <-1)=1-0.1587 = 0.8413
The probability that this shift will be detected on the next sample is p = 1- 0.8413 = 0.1587.

¢) ARL = 1 1 =6.301

D 0.1587

1552 @) gy =0.0045 p=73.990
P(73.9865 < X < 74.0135)

(73.9865—73.99 X — 74.0135—73.99}
=P < <

- 0.0045 5. 0.0045

=P(-0.78 < Z <5.22) = P(Z <5.22) — P(Z < -0.78)

=0.7823

The probability that this shift will be detected on the next sample is p = 1-0.7823 = 0.2177.
1 1

by ARL =—= =4.6
p 0.2177
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15-53

15-54

15-56

) o= 2939 4168 gyzi=%=o.o75, w=14.6
d, 2326 NG
(14.315-14.6 Xou 14.705-14.6 )

P(14.315< X <14.705) = P
" 0075 o, 0.075

=P(-3.8<Z<14)=P(Z<1.4)-P(Z<-3.8)
=0.919243-0.000072 = 0.919171
The probability that this shift will be detected on the next sample is p =1 —0.919171 = 0.0808.
1 1

b) ARL=—=— - =
p  0.0808

a) &:3:16.91, & o &91: 7.562, p=210

d, MR
P(203.250 < X < 242.58) = P[203'250_ 210 X-p 24258-210)
|7 7562 oy 7.562
= P(-0.89< Z < 4.33) = P(Z < 4.33)— P(Z < -0.89)

=1-0.1867 = 0.8133
The probability that this shift will be detected on the next sample is p = 1 — 0.8133 = 0.1867.

b) ARL= Lo 1 _
0.1867
. R N o 134
a) 0=—=134 oy =—==—7=0.5471, =17
) d2 X \ﬁ % H

P(18.25< X < 21.65) = P“S'ZS_17  Xou 2165-17)
\ 05471 ~ o, ~ 05471 )
= P(2.28<Z <8.5) = P(Z <8.5)— P(Z < 2.28)

=1-0.9887 =0.0113
The probability that this shift will be detected on the next sample is p =1 — 0.0113 = 0.9887.

b) ARL=E-— 1 _1om

p 0.9887
o 2.4664
Q) 63 = == =1.007, u=36
" n 6 g

P(30.78 < X < 37.404) = P(30.78—36 X — u 37.404—36]

< <
1.007 6, 1.007
= P(-5.18 < Z <1.39) = P(Z <1.39) - P(Z < -5.18)
=0.9177-0=0.9177

The probability that this shift will be detected on the next sample is p = 1-0.9177 = 0.0823.

b ARL=S—_ 1 _1215
p  0.0823
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15-57

15-58

15-59

15-60

p6-R_2B 1496 -9 1
d, 1.693 Jn

P(12.70 < X <17.5) = P{12'7°‘13 ~u_175-13)
0767 o 0767
— P(-0.3<Z <45)=P(Z <45)-P(Z <-0.3)

=1-0.3821=0.6179
The probability that this shift will be detected on the next sample is p =1 —0.6179 = 0.3821.

S 0767, w=13

by ARL= Lot _
0.3821
R 0.000924 &  0.000311
6= =P _ 0000311 5, =L =201 _0,000104, = 0.0625
VoG, T 2970 RN N "

P(0.0624 < X < 0.0635) P[0.0624—0.0625 X-u 0.0635—0.0625}

<
0.000104 o, 0.000104
= P(-0.96 < Z < 9.62) = P(Z < 9.62) — P(Z < —0.96)

=1-0.1685=10.8315
The probability that this shift will be detected on the next sample is p = 1 — 0.8315 = 0.1685.

b) ARL:E: L =5.93
0.1685
. R 6 0.669
2) 6=—=0.669 5, = =0.386,1=65
d, NN

P(5.125< X < 7.443| 1 = 6.5) = p(5-125—6-5 X-u_ 7-443—6.5j

0.386 oy 0.386

X

= P(-3.56 < Z < 2.44) = P(Z < 2.44)— P(Z < —3.56)
=0.9927 —0.0002 = 0.9925

The probability that this shift will be detected on the next sample is p = 1-0.9925 = 0.0075.

b ARL=L-_1 _1333
p 0.0075

a) The difference UCL LCL = 665 = 220 —180 =40
Therefore, 63 = -~ = 6.67 and 6 = . Therefore, 6 = 6. 673 = 11.55

b) P(180 < X <220 | p = 195) = P[(180 — 195)/6.67 < Z < (220 — 195)/6.67] = P(-2.25 < Z < 3.75) = 0.9877.
Therefore, the probability the shift is detected = 1 — 0.9877 = 0.0123

¢) ARL = 1/p, where p is the probability a point exceeds a control limit. From part (b) p = 0.0123. Therefore ARL =
1/0.0123 = 81.3.
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15-61  a) The difference UCL — LCL = 66y = 24.81—-23.75=1.06

Therefore, &i = % —0.1767 and & = 1.02%

P(23.75< X < 24.81| u=24.2) = P(23'75_24'2 PRAS 24.81-242)
\ " o1767 o% 0.1767
= P(—2.5467 < Z < 3.4522) = P(Z < 3.4522) — P(Z < —2.5467)

=0.9997 —0.0054 = 0.9943
Therefore the probability the shift is detected = 1 — 0.9943 = 0.0057 ~ 0.006

=0.306

¢) ARL = 1/p, where p is the probability a point exceeds a control limit. From part (b) p = 0.0079. Therefore ARL =
1/0.0057 = 175.44

Section 15-8

15-62  a) Yes, this process is in-control. CUSUM chart with h =4 and k = 0.5 is shown.

CUSUM Chart of Viscosity
1.2 4
1 e
0.8 -
E — — — H#REF!
é 0.6 - —e— #REF!
g
0.4 - —A— H#REF!
— — — #REF!
0.2 -
O 1
Batch

b) Yes, this process has shifted out-of-control. For the CUSUM estimated from all the data (with k = 0.5 and h = 4)
observation 20 exceeds the upper limit.
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CUSUM Chart of Viscosity
1.2 -
1 e
0.8 -
3 — — — #REF!
S 0.6 -
.‘>£ —@— #REF!
0.4 - —&— H#REF!
— — — #REF!
0.2 -
0 1
Batch

15-63  a) CUSUM Control chart withk=0.5and h=4

CUSUM Chart for Purity

Upper CUSUM
3.2

Cumulative Sum
-

Lower CUSUM 3.2

T T T
0 10 20

Subgroup Number

The CUSUM control chart for purity does not indicate an out-of-control situation. The Sy values do not plot beyond
the values of —H and H.

b) CUSUM Control chart withk=0.5and h=4
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CUSUM Chart of New purity data
4
A e e ———————— | UCL=3.2
£
@
@
& 0
g
3
-31 — S N N T ey
B ]
L 3 b5 7 9 11 13 15 17 1921.23 25

Subgroup number

The process appears to be moving out of statistical control.

15-64 a) O =0.1736
b) CUSUM Control chart withk=0.5and h=4

The process appears to be in control at the specified target level.
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15-65 a) CUSUM Control chart with k=0.5and h=4

The process appears to be in statistical control.
b) With the target = 100 a shift to 104 is a shift of 104 — 100 = 4 = 0.5c. From Table 15-9 with h = 4 and a shift of 0.5,
ARL =26.6

u—py 52-50

o 4

_ M~ My 52-50 .
b) If n = 4, the shift to 52 is a shift of = = 1 standard deviation. From Table 15-10, ARL =10.4
olJn 4/

15-66  a) Ashiftto 52 is a shift of

= 0.5 standard deviations. From Table 15-10, ARL = 38.0

15-67  a) The process appears to be in control.

EWMA Chartof C1
91.04
et UCL=90.800
gl
% 0.0 X=90
89.5 _]
Ly
>u1—ﬁ»,
LCL=89.200
89.04 T T T T T T T T T T
2 4 6 8 10 12 14 16 18 20
Sanple

b) The process appears to be in control.
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EWMA Chartof C1

—r UCL=91.386

L LCL=88.614

10 12 14 16 18 20
Sample

e
&
O
@

c) For part (a), there is no evidence that the process has shifted out of control.
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15-68  a) The estimated standard deviation is 0.169548.
b) The process appears to be in control.

EWMA Chart of C1
10.24
UCL~10.1695
10.14
% 10.04 X=10
9.94 ~|_‘
s
T LCL=9.8305
98‘ b Ll Ll T L4 Ll L) v T T T L)
2 4 6 8 10 12 14 16 18 20 22 24
Sanple
c) The process appears to be out of control at the observation 13.
EWMA Chartof C1
10,3 UCL=10.2937
e
10.2
10.1-
% 10.04 X=10
9.94
9.84
9,74 1_— LCL=9.7063
T L) 2. N < LS L4 v > " ) Al T
2 4 6 8 10 12 14 16 18 20 22 24
Sanple

15-69  a) The process appears to be in control
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15-70

15-71

b) The process appears to be in control.

¢) Because the shift is 0.5c, a smaller A is preferred to detect the shift quickly. Therefore, the chart in part (a) is
preferred.

a) The shift of the mean is 0.50 . So we prefer 4 = 0.1 and L = 2.81 because this setting has the smaller ARL =
31.3.

b) The shift of the mean is 10'>? . So we prefer A = 0.1 and L= 2.81 because this setting has the smaller ARL = 10.3

. . . 2 . . .
¢) The shift of the mean is 30 . Solving l/(T) = 3 for n gives us the required sample size of 36.
n

_ _ _ . 101-100 n
a) With a target = 100 and a shift to 101 results in a shift of T = 0.25 standard deviations.

From Table 15-10, ARL = 139. The hours of production are 2(139) = 278.
b) The ARL = 139. However, the time to obtain 139 samples is now 0.5(139) = 69.5.

¢) From Table 15-10, the ARL when there is no shift is 465. Consequently, the time between false alarms is
0.5(465) = 232.5 hours. Under the old interval, false alarms occurred every 930 hours.

d) If the process shifts to 101, the shift is H—Hy _ 101-100 —0.5 standard deviation. From Table 15-10, the ARL
oldn 414

for this shift is 38. Therefore, the time to detect the shift is 2(38) = 76 hours. Although this time is slightly longer than

the result in part (b), the time between false alarms is 2(465) = 930 hours, which is better than the result in part (c).
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15-72  a) The process is not in control. The control chart from Minitab follows with h =4 and k = 0.5.
b) The shift from 75 to 80 is a shift of 5/3 = 1.67 standard deviation units.
If h =4 and k = 0.5 then Table 15-9 can be used. The shift of 1.67 is between the table values 3 and 4. Therefore,
3.34 < ARL < 4.75.
If h =5 and k = 0.5 then Table 15-9 can be used. The shift of 1.67 is between the table values 3 and 4. Therefore,
4,01 < ARL <5.75.
15-73  a) The process is not in control. The control chart follows.
CUSUM Chart of Number of Patients
30
20 4
£
a
2
® 101
S uCL=8
E
=
(8]
0 0
LCL=-8
-10< T T T T T T T T T T T T
i1 3 5 7 9 11 13 15 17 19 21 23
Sample

b) The shift from 160 to 164 is a shift of 4/2 = 2 standard deviation units. If h = 4 and k = 0.5 then Table 15-10 can be

used. The shift of 2 leads to ARL = 3.34.
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Section 15-10

15-74

Major . $200

Repair $200

Yes
Purchase
200
extended 0.4 ¥
warranty No Major. $1,200

Repair $300
0.4~ $0

a) Minimax criteria: purchase cost = 200, max cost if not purchased = 1000, therefore the minimum cost decision is to
purchase

b) Most probable criteria: purchase cost = 200, most probable cost if not purchased = 300, so purchase

¢) Expected cost: purchase cost =200, expected cost if not purchased =0.1(1000) + 0.5(300) + 0.4(0) = 250, so
purchase

15-75  a) Minimax criteria: purchase cost = 200, max cost if not purchased = 1200, therefore the minimum cost decision is to
purchase

b) Most probable criteria: purchase cost = 200, most probable cost if not purchased is either 300 or 0 because they both
have the same probability. Because 300 is greater than 200 and 0 is less than 200, the solution from the most probable
criterion is not defined in this case.

¢) Expected cost: purchase cost = 200, expected cost if not purchased = 0.2(1000) + 0.4(300) + 0.4(0) = 320, so
purchase

15-76

Davalop

. No
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15-77

Decisions:
1. When a new product is developed and a unique product is achieved, the most probable outcomes for the high and
low prices are 6M and 4M, respectively. Therefore, the price is set high.

2. When a new product is developed and a unique product is not achieved, the most probable outcomes for the high and
low prices are 3M and 2.5M, respectively. Therefore, the price is set high.

3. When a new product is not developed, the most probable outcomes for the high and low prices are 3M and 2M,
respectively. Therefore, the price is set to high.

4. When a new product is developed, the most probably outcome is that it is unique. The price decision based on the
most probable outcome is to price high with the most probable outcome 6M.

When a new product is not developed, the price decision based on the most probable outcome is to price high with the
most probable outcome 3M.

Therefore, the decision is to develop a new product.

The choice is different from pessimistic approach in the example.

Decisions:

1. When a new product is developed and a unique product is achieved, the expected outcomes for the high and low
prices are 0.7(6M) + 0.3(2M) = 4.8M and 0.8(4M) + 0.2(3M) = 3.8, respectively. Therefore, the price is set high.

2. When a new product is developed and a unique product is not achieved, the expected outcomes for the high and low
prices are 0.7(3M) + 0.3(1M) = 2.4M and 0.8(2.5M) + 0.2(2M) = 2.4, respectively. Therefore, there is no difference in
expected value between the price high and low decisions.

3. When a new product is not developed, the expected outcomes for the high and low prices are 0.7(3M) + 0.3(1M) =
2.4M and 0.8(2M) + 0.2(1.5M) = 1.9M, respectively. Therefore, the price is set high.

4. When a new product is developed, the expected outcome at the unique node is 0.7(4.8M) + 0.3(2.4M) = 4.08M,
where the expected outcomes at the price decision nodes are used in this calculation. When a new product is not
developed, the price decision is to price high with an expected outcome of 2.4M.

Therefore, the choice from the expected value criterion is to develop a new product.

The choice is different from pessimistic approach in the example.
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Supplementary Exercises

15-78 @) The process is not in control. The control chart from Minitab follows.

bar-R.Chart:of G

Sample 10 is removed to obtain the following chart.

Xbar-R Chart of C1, ..., C3
64.02-
24.01-
$4.00-
E
43.99-
63.98
=3 & 7 B -85 23 a5 0 .19 21 2
Sample
0.0604—
9.0451
% 030
B
E
$.0154
0'000‘| ¥ ¥ )] T 1 1 L} L T L)
3 5 1 B 11 .43 -6 17 189 21 23
Sampio

b) estimates: mean = 64.002, stdev = 0.0314/1.693 = 0.01294

15-49

UCL=64.02385

X=64.00155

LCL=83.97915

UCL=0,05637

R=0.02180

LCL=0
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c) PCR =0.359
d) PCR,=0.576
X — LSL 002 —63.
e) The value of the variance is found by solving PCR, = = 2.0 for &. This yields w =20,
e

and o =0.0037

f) P(63.9792 < Z < 64.024)
= P[(63.9792 — 64.01)/(0.01294/sqrt(3))] < Z < (64.024 — 64.01)/(0.01294/sqrt(3))]
=P(-4.12 < Z < 1.87) = 0.969. Therefore, the probability of detection =1 — 0.969 = 0.031
ARL =1/0.031 = 32.26

1579 (@) X _ 6508 =3254 7 = 1000 _ 50
20 20
The value of A, for samples of size 5 is A, = 0.577 from Appendix Table XI.
X Chart
UCL=CL+ A,T =325.4+0.577*50 =354.25
CL=3254
UCL=CL-A,I =325.4-0.577*50 = 296.55
R Chart
UCL=D,r =2.115*50 =105.75
CL=50
UCL=D,r =0*50=0
(b) j1=X=325.4
6=1 -3 5150
d 2.326
15-80  a)
P Chart for def
02 — UCL=0.2039
g_ 01 — //\ a /H\\/ \//\\// P=0.11
LCL=0.01613
0.0 —

T T T
0 10 20

Sample Number

There are no points beyond the control limits. The process is in control.
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b)

P Chart for def2

0.19 1
i UCL=0.1764
0.14 — /\
c
A 4
=y _
3 AN A P=0.11
Yy
e
. VW
004 LCL=0.04363
T T T
0 10 20

Sample Number

There is one point beyond the upper control limit. The process is out of control. The revised limits are:

There are no further points beyond the control limits.

P Chart for def2

0.19 —H
UCL=0.1717

. A/\ A /\ (o

0.04 — LCL=0.04093

T T T
0 10 20

Sample Number

Proportion

¢) A larger sample size with the same percentage of defective items will result in more narrow control limits. The
control limits corresponding to the larger sample size are more sensitive to process shifts.
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15-81  a)

All the points are within the control limits. The process is under control.
b) There are no points beyond the control limits. So the control limits were not revised.

c) The control limits are narrower for a sample size of 10
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15-82  a) Using I-MR chart.

I-MR Chartof C1
60,3275
UCL=60.327362

2 60,3270
®
-
§ 60.3265 ¥=60.32641
=
=
5 60,3260 -]
=
=

60,3255 | LCL=60.325458

2 4 6 8 10 12 14 16 13 20
O bservation
UCL=0.001169

0.00100 |
o
-]
£ 0.00075 ]
o
2 0.00050
5 FMR=0.000358
= 0.00025 |

0.00000 -t + LCL=0

2 4 3 8 10 12 14 16 13 0
O bservation

b) The chart is identical to the chart in part (a) except for the scale of the individuals chart.

I-MR Chartof C1
0.0015
UCL=0.001362

2 0.0010
®
-
é L ¥=0.00041
=
5 0.0000
s
=

-0.0005 LCL=-0.000542

2 4 6 8 10 12 14 16 18 20
0 bservation
UCL=0.001169

0.00100 -
o
-]
£ 0.00075 -
o
£ 0.00050 4
2 R =0.000358
= 0.00025

0.00000 - —d H LCL=0

2 4 6 8 10 12 14 16 18 20
0 bservation

¢)The estimated mean is 60.3264. The estimated standard deviation is 0.0003173.

USL—LSL 0002
6c  6(0.0003173)

PCR, =min [0'0009 , 0'0011} =0.9455

PCR = 0505

3o 3o
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15-83 a)
I-MR Chart of enery
= 1
7000 L/‘“l\
° UCL=6569
=
3 6000
z ¥=5832
=
=
£ 5000 4 LCL=4995
b= W
! 1
4000 B T T T T T T T T T T
3 & 3 12 15 18 21 24 27 D
0bservation
o d uCL=1028
g 750
£
E]
-
= 500 4
E
= _
MR=315
§ 2501
04 LCL=0
T : T : . . T ; T :
3 & 9 12 15 18 21 24 27 D
Observation

b) The data does not appear to be generated from an in-control process. The average tends to drift to larger values and
then drop back off over the last 5 values.

15-84 (a) X =558.766 § =86.4208
Trial control limits :
S chart
UCL=170.2482
CL =86.4208
LCL =2.59342

X bar chart
UCL=670.0045
CL =558.766
LCL =447.5275

R R i A
- A N A N A WAV
4+ VAR \

g 1JV N

T T T T T
5 10 15 20 25
Index
e - T T T T T
5 10 15 20 25
Index
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b) An estimate of 6 is given by § / C, = 86.4208/0.9515 = 90.8259
830 —-558.77 558.77—-330
3(90.8259) ' 3(90.8259)

Based on the capability ratios above (both < 1), the process is operating off-center and will result in a large number of
non-conforming units.

PCR=500/(6%90.8259) = 0.9175 and PCRy = min{ } = 0.8396

¢) To determine the new variance, solve PCRk =2foro.

558.77 — 330 ,
Because PCRe=—, we find 6 = 38.128 or ¢°=1453.77.

3o
d) The probability that X falls within the control limits is

= 447.5275 580 670.0045 - 580
P(447.5275 < X < 670.0045)= P| = e == < 7 < S | =
V6 V6

P(-3.57 < Z < 2.43) = 0.9923
Thus, p =0.0077 and ARL=1/p=129.87. The probability that the shift will be detected in the next sample is 0.0077.

15-85 (a) X = 685.38 =22.846 T = 6.47 =0.216 S= 3.7 =0.125
30 30 30

The value of A, for samples of size 5 is A, = 0.577 from Appendix Table XI.

X Chart
UCL=CL+A,r=22.846+0.577*0.216 = 22.971
CL =22.846

UCL=CL-A,r=22.846-0.577*0.216 =22.721

R  Chart
UCL=D,r =2.115*0.216 = 0.457
CL=0.216
UCL=D,r=0%0.216 =0
(b) ¢, =0.9400
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X  Chart
35 3%0.125
UCL=CL+——— =22846+- -2 23024
c,\/n 0.94/5
CL =22.846
35 3%0.125
UCL=CL-—=_=22846-"—"22= 22668
c,v/n 0.94/5
S  Chart
UCL=5+> fi—c? —0.261
C
CL=0.216

35

UCL=5->2/1-¢2 =0

4

15-86  a) The following control chart use the average range from 25 subgroups of size 3 to estimate the process standard
deviation. The software uses a pooled estimate of variance as the default method for an EWMA control chart so that the

range method was selected from the options. Points are clearly out of control.

64.4

64.3

64.2

EWIMA, of Diameter

64.1

64.0

0

Exponentially Weighted Moving Average Chart for Diameter

2 4 [ g 10 12 14 16 18 20 22 24
Subgroup Index (sample)

Subgroup Sizes n=3 Weight=0.1

26

3o Limits
Forn=3

ucL

T=64.14

LCL

b) The following control chart use the average range from 25 subgroups of size 3 to estimate the process standard
deviation. There is a large shift in the mean at sample 10 and the process is out of control at this point.
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Exponentially Weighted Moving Average Chart for Diameter

3o Limits
66.0 Forn=3
65.5
=
£ 650
=
]
]
=y
§ B4.5
i ucL
T=64.14
£4.0
LCL
£3.5
0 24 6 8 10 12 14 16 18 20 22 24 16
Subgroup Index (sample)
Subgroup Sizes n=3 Weight=05
15-87  a) The data appear to be generated from an out-of-control process.
Exponentially Weighted Moving Average Chart for
TotalRenewableEnergyConsumption
3o Limits
6250 Forn=1
=
=
=
E
2 oo ueL
o
L&)
=
=
E —
T R=5832.2
@
= G740
=
o
b
& LCL
m
=
=
%5 5500
o
=
=
L
5250
1972 1976 1980 1984 1988 1992 1996 2000 2004

Subgroup Index (Year)
Subaroup Sizes n=1 Weight=0.1

b) The data appear to be generated from an out-of-control process.
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Exponentially Weighted Moving Average Chart for
TotalRenewableEnergyConsumption

3o Limits

7000 Forn=1
[ =4
2
=
E gs00
w
E ucL
=
E!
= 6000
w _
= F=5832.2
m
H
5]
T 5500
o
= LCL
o
i
b=
< 5000
=
=
L

4500

1972 1976 1980 1984 1488 1992 1996 2000 2004
Subgroup Index (Year)
Subgroup Sizes n=1 Weight=0.5

a) The process appears to be in control.

Exponentially Weighted Moving Average Chart for OuterDiameterOfTheHubs

3o Limits
60.3267 For n=1
ucL
@ 60.3266
=
T
L)
=
=
fas}
= 60.3265
[ 4]
E
=
&
=z -
S 603264 60,3264
5
o
=
=
L 60.3263
£0.3262 LoL
0 2 4 & 8 1 12 14 16 18 20

Subgroup Index (Sample)
Subgroup Sizes n=1 Weight=0.1

b) The process appears to be in control.
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Exponentially Weighted Moving Average Chart for OuterDiameterOfTheHubs

3o Limits
60.3270 Forn=1
ucL
©  60.3268
3
=
]
3 603265
£ T=60.326410
[}
2 60.3263
<
=
=
L §0.3260
LCL
60.3258
0 2 4 & ] 10 12 14 16 18 20
Subgroup Index (Sample)
Subgroup Sizes n=1 Weight=0.5
15-89
CUSUM Chart of X
1.2 -
1 e
0.8 -
— — — #REF!
x 0.6 1 —e— #REF!
0.4 - —A— HREF!
— — — #REF!
0.2 -
0 )
Wafer

The process standard deviation is estimated using the average moving range of size 2 with MR/d,, where d, = 1.128.
The estimate is 1.05. Recommendation for k and h are 0.5 and 4 or 5, respectively for n = 1. For this chart h = 5 was
used.

15-90  The process is not in control.

K =ko =1, so that k = 0.5
H=ho=10,sothath=5
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40

CUSUM Chart for hardness

30 —

20 —

Upper CUSUM

10

10

Cumulative Sum

-10

-10

15-91

80

Cumulative Sum
(o]

-80

Lower CUSUM

\ \
10 20

Subgroup Number

CUSUM Chart for Viscosity

Upper CUSON

Lover CUSTW

T T
10 20

Subgroup Number

8568529

-85.8529

Process standard deviation is estimated using the average moving range of size 2 with MR/d,, where d, = 1.128 for a
moving range of 2. The estimate is 17.17. Recommendation for k and h are 0.5 and 4 or 5, respectively, for n = 1.
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15-92  a)

CUSUM Chart of x

0.020 4

0.015 4

UCL=0.01152
0.010 A

0.005 A

0.000 4

Cumulative Sum

o

-0.005 4

-0.0104

LCL=-0.01152

2 4 6 8 10 12 14 16 18 20 22 24
Sample

Here o is estimated using the moving range: 0.0026/1.128=0.0023. H and K were computed using k =0.5and h = 5.
The process is not in control.

b) EWMA gives similar results.

EWMA Chartof x
0.404
= . UCL=0.403489
0.403{ [ u
— ‘* -“.“.
J / \
0,402 . . %
- RTR - T L3 X=0.40
% od0t{ /% R, e 1184
v-. \ ,’I
. . ‘
0,400 “ |/
_ 1
0.399 — S LCL=0.398879
2 4 6 8 10 12 14 16 18 20 22 24
Sample

15-93 a) Let p denote the probability that a point plots outside of the control limits when the mean has shifted from

Mo to p = py + 1.50. Then,

- 30 - 3o
P(LCL< X <UCL)=P ———< X< Uy +—F
( ) (,Uo \/ﬁ Ho \/ﬁj
-1.50 X-u -150
=P —=-3< < +3
[O'/\/ﬁ oln  ol\n j
=P(-6.67 <Z <-0.67)=P(Z <-0.67) - P(Z <—6.67)
=0.251
Therefore, the probability the shift is undetected for three consecutive samples is (1 — p)® = (0.251)° = 0.0158.
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15-94

15-95

b) If 2-sigma control limits were used, then

Jn

1- p:P(LCL<)T<UCL):P£yO—2—J<)T<yO+ZTaD
n

-1.50 X-u -150
=P -2< < +2
(O‘/\/ﬁ olnol\n J
=P(-5.67<Z <-1.67)=P(Z <-1.67)-P(Z <-5.67)
=0.047

Therefore, the probability the shift is undetected for three consecutive samples is (1 — p)* = (0.047)% =
0.0001.

¢) The 2-sigma limits are narrower than the 3-sigma limits. Because the 2-sigma limits have a smaller probability of a

shift being undetected, the 2-sigma limits would be better than the 3-sigma limits for a mean shift of 1.5c. However,
the 2-sigma limits would result in more signals when the process has not shifted (false alarms).

5345 32652

X="""_2138 5= _1306
25 25 c, =0.9213
X  Chart
c *
UCL=CL+->5_ —21384 371806 _ o0 06
c,v/n 0.9213/4
CL=213.8
c *
UCL=CL-->5_ _9138_ 31306 15554
c,/n 0.9213/4
S  Chart

UCL =5+ fi-c? = 2060
4

CL =13.06
UCL:§—3—S 1—Cf =0
C4
b) Process mean and standard deviation are
= X =213.8

_ 5 1306 ;18
c, 0.9213

a) Because ARL = 370, on the average we expect there to be one false alarm every 370 hours. Each 30-day
month contains 30 x 24 = 720 hours of operation. Consequently, we expect 720/370 = 1.9 false alarms each month

P(X > X +36) + P(X < X —38) = P(z > 3) + P(z < -3) = 2(0.00135) = 0.0027
ARL=1/p=1/0.0027=370.37
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=Ug+0
b) With 2-sigma limits the probability of a point plotting out of control is determined as follows, when H=Ho
P(X > UCL) +P(X < LCL)
_ P[X_HO_G N “°+20_“0_Gj +P(X—Ho—0 < Mo—ZG—Ho—Gj
(o3 (o) () (o)

=P(Z>1)+P(Z<-3

=1-P(Z<D)+[1-P(Z<3)]

=1-084134 +1-0.99865

= 0160

Therefore, ARL=1/p = 1/0.160 = 6.25. The 2-sigma limits reduce the ARL for detecting a shift in the mean of

magnitude . However, the next part of this solution shows that the number of false alarms increases with 2-sigma
limits.

¢) 2c limits

P(X > X +26)+P(X < X —26) = P(z > 2) + P(z < —2) = 2(0.02275) = 0.0455

AR L= 1/ p=1/0.0455 = 21.98. This ARL is not satisfactory. There would be too many false alarms. We would expect
32.76 false alarms per month.

1596 a)  X-bar and Range - Initial Study

Charting xbar
X-bar | Range
UCL: + 3.0sigma=140.168 |UCL: + 3.0sigma=2.48437
Centerline =139.49 | Centerline =1.175
LCL: - 3.0sigma=138.812 |LCL: - 3.0sigma=0
out of limits =9 | out of limits = 0
Estimated

process mean = 139.49
process sigma = 0.505159
mean Range = 1.175

141
A ™ 140168
140 =
X-bar M\\r/ \\ // \f/ll 139.49
139 " [ 1semz
138 N/ \/
137
0 4 ® 12 16 20
25 2 AR437
2
Range 15 /‘\/\ | . e 1475
1 = K w — W 2
D5
0 0
o 4 2 12 16 20

There are points beyond the control limits. The process is out of control. The points are 8, 10, 11, 12, 13, 14, 15, 16,
and 19.

b) Revised control limits are given in the table below:

X-bar and Range - Initial Study

15-63



Applied Statistics and Probability for Engineers, 6™ edition

Charting Xbar

X-bar | Range
_____ [
UCL: + 3.0sigma=140.417 |UCL: + 3.0sigma = 2.595682
Centerline =139.709 | Centerline =1.227273
LCL: - 3.0sigma=139.001 |LCL: - 3.0sigma=0
out of limits =0 | out of limits =0
Xbar Chart
140.5 —
UCL=140.4
140.0 —
Mean=139.7
= 139.5 —
2
139.0 — LCL=139.0
0 5 10
Subgroup Number
R Chart
3.0 _g
UCL=2.596
15 _|
- //\/\\///\\//\ | Mean=1.227
(o) _ LCL=0

5
Subgroup Number

There are no further points beyond the control limits.

The process standard deviation estimate is given by 5 — E = 1.227273 =0.5276
d, 2.326
¢) PCR = USL —ALSL _ 142 -138 _1
66 6(0.528)
. [USL-X X-LSL . |142-139.709 139.709-138
PCR, = min| ——,————— |=min ,
o} 36 3(0.528) 3(0.528)

=min[1.451.08]=1.08

Because the process capability ratios are less than unity, the process capability appears to be poor. PCR is slightly
larger than PCRy indicating that the process is somewhat off center.

d) In order to make this process a “six-sigma process”, the variance ° would have to be decreased such that PCR, =

o _ X —LSL
2.0. The value of the variance is found by solving PCR, = 3— = 2.0for s
O
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139.709 -138
3o
60 =139.709 -138
139.709 -138
o=——"—
6
o =0.2848

=20

Therefore, the process variance would have to be decreased to 2 = (0.2848)? = 0.081.

e) 65 =0528
p=P(139.001< X <140.417 | 1 =139.7)
_ F,[139.001—139.7 Xou 140.417—139.7)
0.528 - 0.528
= P(-1.32 < Z <1.35)
=P(Z <1.36) - P(Z < -1.32)
=0.913085 — 0.093418

X

=0.8197
The probability that this shift will be detected on the next sample is 1 — p = 1-0.8197 = 0.1803.
1 1
ARL =——= =5.55
—p 0.1803

15-97 @) The probability of having no signal is P(—3< X <3) =0.9973

P(No signal in 3 samples)=(0.9973)° = 0.9919
P(No signal in 5 samples)=(0.9973)° = 0.9866
P(No signal in 15 samples)=(0.9973)*° = 0.9603

1598 PCR=2but 1 =USL+20

P(X <USL) = P(Z < wj =P(Z <-2)=0.0228
O

15-99 a) The P(LCL < P < UCL), when p = 0.07, is needed.

LCL=p-3 Pd-p) =0.05-3 w?ams—w
n

ucL=p+3 PLP) _ 0543 /w ~0.115
n

Therefore, when p = 0.07

P-0.07 _ 0.115-0.07
0.07(0.93) \/0.07(0.93)
100 100

P(0<P <0.115) = P(P <0.115) = P{\/

= P(Z <1.76) = 0.96
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15-100

Using the normal approximation to the distribution of P . Therefore, the probability of detecting the shift on the
first sample following the shift is 1 — 0.96 = 0.04.

b) The probability that the control chart detects a shift to 0.07 on the second sample, but not the first, is (0.96)0.04=
0.0384. This uses the fact that the samples are independent to multiply the probabilities.

¢)p=0.10

P-0.10 _0.115-0.10

\/0.10(0.90) B \/0.10(0.90)
100 100

P(0<P <0.115) = P(P < 0.115) =

= P(Z <0.5) = 0.69146

from the normal approximation to the distribution of P . Therefore, the probability of detecting the shift on the first
sample following the shift is 1 — 0.69146 = 0.30854.

The probability that the control chart detects a shift to 0.10 on the second sample after the shift, but not the first, is
0.69146(0.30854) = 0.2133.

c) A larger shift is generally easier to detect. Therefore, we should expect a shift to 0.10 to be detected quicker than a
shift to 0.07.

a)n-

UCL = u+3\/7 8+ 3\/7 12.24
LCL=U—3\/E=8—3\/§=3.76
n 4

12.24-16

5

=P(Z>-1.88)=1—P(Z <-1.88) = 1 — 0.03005= 0.96995

P(U>1224whenr=16)= P| Z >

3.76 -16

16
%
=P(@Z<-6.12)

=0
So the probability is 0.96995.

P(U <378)=P| Z <

b)n=10

UCL:U+3\/E:8+3JE =10.68
n 10
_ u 8
LCL=u-3[/— =8-3,|— =532
n 10

P(U >10.68 when A = 16) =P| Z > % =P(Z2>-422)=1
1

10
So the probability is 1.

15-66



Applied Statistics and Probability for Engineers, 6™ edition

15-101 u=10
ayn=1

UCL:u+3\F:lO+31/1O =19.49

n 1

LCL:u—3\F:10—31/10 =0.51
n 1

P(U >19.94when A =14) = P(Z> M}
J14

=P(Z>147)=1-P(Z < 1.47) =1 -0.9292 = 0.0708

and

0.51-14
P(U <051)=P| Z<——— =0
(T <osy ( mj
byn=4

UCL = LT+3\/E =10+3\/E =14.74
n 4
LCL=U—3\/E=10—3\/E=5.26
n 4
P(U >14.74 when A = 14) = Pl 7> 14.74-14 |=p(z >0.40) = 1 - 0.6554 = 0.3446

E
4

P(U <526when’=14)= p| , _9.26-14 | =pz<-467)=0

14
4
15-102 TU=8
ayn=5
UCL=U+3\F=8+3\F=11.79
n 5
LCL:U_3F=8_3\F=4_21
n 5
( )
P(U >11.79whenA=16)= P| Z >M
%
5

=P(Z>-2.35) =1 - P(Z < -2.35)
=1-0.009387 = 0.99061

4.2116\J

(
P(U <421)= PLZ <=
%

=P(Z<-6.59)
=0
So the probability is 0.99061.
b)n=15
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UCL =0 +3 fﬂ ~8+3 /3 ~10.19
n 15
o f@ 8
LCL=0-3 /— -8-3 f— ~581
n 15
(

)
10.19-1
P(U>10.19whenA=16)= P| Z >% =P(Z>-5.63)=1

15
So the probability is 1.

ayn=

2
UCL:U+3VF:10+3E:16.71
LCL:U—S\F:10—3E=3.29

P(U >16.71when i = 14) = P[z >M]
N

=]

S| gl

=P(Z>1.02)=1-P(Z<1.02)=1-0.8461 =0.1339
and

P(U <3.29) = P[Z <3'29—_14] =0

Nz
byn=5

UCL:U+3[:10+3E:14.24
LCL:U—3\/E:10—3\/E=5.76
n 5
(

14.24-14

P(U >1424wheni=14)= P| Z > ——_—
E
\AS

( )
5.76 14

P(U <576wheni=14)= P| Z < ———
E
\AS

15-104 a) According to the table, if there is no shift, ARL = 500.
If the shift in mean is lay ,ARL =175.

b) According to the table, if there is no shift, ARL = 500.
If the shift in mean is 20? , ARL = 3.63.

S| g

)

=P(Z>0.14) =1 - 0.5558 = 0.4442

=P(Z<-492)=0

15-105 a) The natural tolerance limits are 200+ 15.

PCR :M:A'_Ozl,gg,

60 30
Since the mean of the process is centered at the nominal dimension,
PCR =1.33.

Since the process natural tolerance limits lie inside the specifications, very few defective units will be produced.
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15-106

15-107

The fraction defective is 2d(—20/5) =0.00633%

b) The natural tolerance limits are 206+ 15.

USL—LSL _ 40

PCR=—""——"-_-"--133.
60 30
Since the mean of the process is not centered at the nominal dimension,
10 30

PCR, = min[—,—].
“ [15 15]

The small PCRy indicates that the process is likely to produce units outside the specification limits.
The fraction defective is

P(X < LSL)+P(X >USL) = P(Z < _?10)+ P(Z >3—£)

=P(Z <-2)+P(Z > 6)
=0.02275+0
=0.02275

a)

pcr_USL-LSL_12 _,

6c 60 o0=133

b) (55+67)/2=61 when the process is centered at the nominal dimension, the fraction defective is minimized for any o .

a) If the process uses 80% of the specification band, then 6o = 0.8(USL — LSL). Since the process is
centered,

30 =0.8(USL — 1£) =0.8(x— LSL)
3.750 =USL— = u—LSL

PCR = PCR, = min[>/27 37591 _; 55
3o 3o

Since PCR and PCRy exceed unity, the natural tolerance limits are inside the specification limits and few
defective units should be produced.

b) Assuming a normal distribution with 6 = 0.8(USL — LSL) and a centered process, then
30 =0.8(USL — u). Consequently, USL — 1z =3.750 and 11— LSL=3.750.

P(X >USL) = P(Z > >1°%) = p(Z > 3.75) =1— P(Z < 3.75) ~ 0
O

By symmetry, the fraction defective is 2[P(X >USL)]=0.
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Mind Expanding Exercises

15-108 Let p denote the probability that a point plots outside of the control limits when the mean has shifted from pyto p = po +
1.5¢. Then:

1- p=P(LCL< X <UCL |z = u, +150)
o o

=P| p, —3—=< X <, +3 =, +1.50
(/10 /n Ho \/ﬁ-lll Ho J

_ P[—1.5a g X-u _-150 +3J
olvJn oldn oldn
=P(-3-15/n<Z <+3-1.5Vn) whenn =4
=P(-6<Z<0)=05
Therefore, the probability the shift is undetected for three consecutive samples is (1 - p)° = 0.5° =0. 125.

If 2-sigma control limits were used, then

1—p:P(LCL<X<UCL|/1:/10+1.50):P(#0—2U<X<y0+20|,u:,u0+1.50]
Jn Jn
:P[_1'50—2< X-# _1'50+2jwhen n=4
olvJn oldn olJdn

=P(-5<Z <-1)=0.1587-0=0.1587

Therefore, the probability the shift is undetected for three consecutive samples is (1 - p)® = 0.1587° = 0.004.

15-109
LCL = u, —ko/~/n
CL = 4,
UCL =y, + ko /+/n
a)
1-p=1-P(LCL< X <UCL |t = pt, +65)
o o o
=1-Plu,-k—=<X<u,+k—=|u=u +50j
( 0 \/ﬁ 0 \/ﬁ 0
1=1—P£—k— i <:X‘*‘<k——§3—]
aldn  olJdn olvJn
=1-P(-k —6J/n <Z <k -5/n)
=1-[®(k —5v/n) — D(-kS/n]
where ®(2Z) is the standard normal cumulative distribution function.
15-110

LCL = g, —ko /+/n
CL = 4

UCL = g, +ko /n
a) ARL = 1/p where p is the probability a point plots outside of the control limits. Then,
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_ )?_‘u
1-p=P|LCL< X <UCL =P| -k < 0 <k
p ( |,Uo) ( O'/\/ﬁ |,Uo]

= P(-k < Z <k) = D(k) - D(-k) = 2d(k) -1

where ®(2Z) is the standard normal cumulative distribution function. Therefore, p = 2 — 2d(k) and ARL = 1/[2-2®(K)].
The mean time until a false alarm is 1/p hours.

b) ARL = 1/p where

1- p:P(LCL<X<UCL|,u1:,uO+50):P[—k—56< X <k —

)
oln oln
=Pk -ns <z <k-+ns)
=®(k — V/ns) — d(=k — /o)
and
p=1-®(k —/nd) + O(—k —/ns)
¢) ARL = 1/p where 1 - p = P(-3<Z<3)=0.9973. Thus, ARL =1/0.0027 = 370.4.
Ifk=2,1-p=P(-2<Z<2) = 0.9545 and ARL = 1/p = 22.0.

The 2-sigma limits result in a false alarm for every 22 points on the average. This is a high number of false alarms for the
routine use of a control chart.

d) From part (b), ARL = 1/p, where 1 - p = P(-3~ V5 <z <3-45)=07764 . ARL = 4.47 assuming 3- sigma
control limits.

15-111 Determine n such that
0.5=P(LCL<P<UCL|p=p,)

n ‘ P-p
=P < —< |p=p,
\/pc(l— p.) \/pc(l— p.) \/pc(l— P.)

n n n

pd-p)

c

| pop KA _,_ p-p__ k/PED)
\/pc(l_ pc) \/pc(l_ pc) \/pc(l_ pc) \/pc(l_ pc)

n n

Use the fact that if p. > p then the probability is approximately equal to the probability that Z is less than the upper limit.

~P|l Z< r)_pc _k\/ﬁ(l_ﬁ)
\/pc(l_ pc) \/pc(l_ pc)

n

Then, the probability above approximately equals 0.5 if

ﬁ_pc :k\/p(l_ﬁ)
\/pc(l_ pc) \/pc(l_ pc)

n
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15-112

15-113

15-114

k’p@- ﬁ)
(p-

p.)’
The LCLis P — ‘/ﬁ —P)
ﬁ—kwf )—Oorn k(l P)
n p

The P(LCL < P< UCL|p = 0.08) is desired. Now, using the normal approximation:
@

—)_005 3,/M 001550
UCL = p+3,/p( P) _ 005+ 31/005(095) 0.115

P(0< P <0.115| p=0.08) = P(P < 0.115| p = 0.08)

Solving forn, n =

ol
'cl

LCL=p-

_p|__P-008 _ 0115-008 |_ P(Z <1.29) = 0.90
\/0.08(1—0.08) \/0.08(1—0.08)
100 100

Therefore, the probability of detecting shift on the first sample following the shift is 1 — 0.90 = 0.10.

The probability of detecting a shift by at least the third sample following the shift can be determined from the
geometric distribution to be 0.10 + 0.90(0.10) + 0.90%(0.10) = 0.27

The process should be centered at the middle of the specifications; that is, at 100.

For an X chart;
CL =, =100

LCL = 4, —ko //n =100-3(5)/2 =925
UCL = 1, + ko /~/n =100+ 3(5) /2 =107.5
92.5-105 X —105 107.5—105]

P(LCL< X <UCL|x=105)=P < <
5/2 5/2 5/2

=P(-5<Z2<1)=0.84

The requested probability is then 1 — 0.84 = 0.16. The ARL =1/0.16 = 6.25. With u = 105, the specifications at 100 +
15 and o = 5, the probability of a defective item is

P(X <85)+ P(X >115) = P(X —105 85‘1°5j+ P(X 105 115405)

5 5 5
=P(Z <-4)+P(Z >2) =0.0228

Therefore, the average number of observations until a defective occurs, follows from the geometric distribution to be

1/0.0228 = 43.86. However, the X chart only requires 6.25 samples of 4 observations each = 6.25(4) = 25 observations,
on average, to detect the shift.
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15-115 a) Let X denote the number of defectives in a sample of n. Then X has a binomial distribution with E(X) = np and V(X)
=np(1 - p). Therefore, the estimates of the mean and standard deviation of X are np and ./ n[_)(l— [_)) , respectively.
Using these estimates results in the given control limits.

b) Data from example 16-4

NP Chart for defectiv

55 — 3.0SL=54.70

Al M L
Sy vvvx

25 — -3.0SL=25.30

Sample Count

T T T
0 10 20

Sample Number

©)

np —3,/np(l— p) <nP <np +3/np(L— p)

5 3 [PD) _p_ 5,5 [PAD)
n n

Therefore, the np control chart always provides results equivalent to the p chart.

15-116 a) The center line C =8, and UCL=16.49 and LCL=0

C Chart of Number of defects

184

164 UCL=16.49

14

124

10+

Sample Count
==
ol
il
(=]

0 LCL=0

2 4 ] 8 10 12 14 16 18 20

b)Yes
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15-117 Because -3 < Z < 3ifand only if
—3<—f_ P_ .3 or ﬁ—SJ—p(l_ P) P< E+3‘/—p(1_ P)
[PA-P) n n
n

a point is in control on this chart if and only if the point is in control on the original p chart.

15-118 For unequal sample sizes, the p control chart can be used with the value of n equal to the size of each sample. That is,

A

P-p

Z, = ————— where n; is the size of the ith sample.
pld-p)
n,

Standardized Chart for P

3 — 3.0SL=3.000

z.
7
/
N

< =0.000
1 \/ \/\/

-3 — =3.0SL.=-3.000

0 1 2 3 4 5 6 7 8 9 10
Observation Number
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