


not only a solution (it has to be the best one

&

weig E

E

O
-

E O



Graphical method : the easiest method to solve system contains two variables

1x
,
+ 0x2< = 4)(x, = 4) ... x

,
= 4

0x1 + 2x2 = 12 > (2X2 = 12) ... 2x2 =12

3x1 + 2x2 = 18
< (3X + 2x2 = 18) > line > D Slope & intercept

X0Ynon negativity constitute or

xz = 0 > (6 , 0)

2 two points > assume x
,
= 0 c (0 , 9)

X2 > To know the direction

> line 115 point% complex
Final

solution
Idi Gi

any two 50 81, 1 space

the
op -d -gaS

: gas99

points
10,

9) 49 not · space 118.95 "Ill & I points /S
feasible

arec

12 ,

:1000000 notfeasible

·Pi

-not s
a

convex area
-> 19. . .Ess

area E area
11

·j

I=0 XI end

the optimal solution (the most preferable solution) > one of the corners (because it is convex area

1) find the corners points

> intersection points : p:212LXI

P2 : X1 =4

3x1+ 2x2= 18) x2=27 > (4 , 3)

2) max profit = z = 3000X , + 5000 X2

-The number of points in the feasible area is a



X2

the Book solution : (It is trail & error
10,

9) 49notbe notfealeare

2 = 3X1 + 5X2 in thousands

3X1 + 5X2 = 0

·

"Effenoti
a
a

X2
two points (0 , 0) , (1)

3X1 + 5X2 = 10 (within the feasible area) -

3X1 + 5X2 = 20 (within the feasible area) -

3x1 + 542 = 36 ( within the feasible area) optimal15561 electivfeasible



· decision variables > D number of wood windows to be produced per day (X1

C) number of aluminum windows to be produced per day (X2)

·
the objective > maximize the total profit

2 = 300 X , + 150 X2

the Constants (Subject to) < X116

X 14

6X1 + 842148 < lime (0 , 6)
18 , 0

X, 0

X270

Xen

10

Fin
10 .0 ! >

a Pl : x2 = 4 & 6X1 + 8x2 = 48 3(2.7, 4

at P2 : x1 = 6 & 6x1 + 842 = 48 < (6, 1 .5)



feasible area lime here

· decision variables

-XI : dose in Kilorad from the first beam

X2 : dose in kilorad from the second beam

- objective
z = 0 . 4 X1+ 0 .5XC

sminimize the total absorbed by healthy anatory

z = 0 .4x1 + 0 . 5x2

->Subject to (constraines

70 .3x1 + 0 . /x2 * 2 .
7 > 0

. 3 x1 + 0
. /Xe = 2

.
7 (0

,
27)

,
19

, 01

0
. 5X1 + 0 . 5Xz = 6 > the feasible line (not areal

0 . 6x1 + 0 .4423630. 641 + 0 . 4x2 =6 (0, 15)
, (10, 0)

X, 7, 0

X270

Y

27a

13 - & feasiblea
12 :

↳
the optimal point

L

is i -X

Pl :XIX]S

PC:OXTOX
jag



ORI assignment 1

Xia

1200 =

1266 .7 ,
800

The optimal point
·yL

1600 , 300
z = 3600

·

z = 0
>

X ,

· decision variables > D number of units from special risk (X1

C) number of units from mortgage (x2)

·
the Objective > maximize the total profit -

at Pr :

z = 5X , + 2X2 X2 = 800

& (266.
7 , of

34 + 2X2 = 2400

the constants (subject to):

3x1 + 24242400 > 3x1 + 2x2 = 2400 = (800 , 0
,

10, 1200) ·
at Pri

oX1 + 2x24800 <12= 800 X1 = 600

3 1600 , 300
2x1 + OX2 <1200 > X1 = 600 3x ,

+ 2X2 = 2400

X, 0

X2x0 >The optimal point is 1600 , 300)

the maximum profit < 3600



O
so

G
C

X

6000 -

· decision variables> D number of hot dogs (X)

C) number of hot dog buns (X2)

A ↑ 4000 >
X ,

·
the objective > maximize the total profit - the optimal point

z = 0
.88X , + 0 .33X2 ·

the constants (subject to):

0 .25X14800 > X = 3200

0 .1X24200 > X2 = 2000

3x1 + 2x2 <12000 > 3x1 +242 = 12000 (0
, 6000)

,
(4000, 0 - at Pr:

X, 0 Xz = 2000 3 (2666 .
7 ,

2000

X2x0 3 + 2xz = 12000

- at Pr :

X1 = 3200

& (3200 , 1200)

3x1 + 2xz = 12000

>The optimal point is 13200 , 1200)

the maximum profit <3212



17/oct

· decision variables> is fraction of full partnership in the first venture (X1)

& fraction of full partnership in the second venture (X2)

·
the Objective > maximize the total profit

2 = 9000X , + 9000X2

the constants (subject to):

10000 X 1 + 8000X2 112, 000 > 10000 X1 + 8000 xz = 12000 (0
,

1 .3) ,
(1 .2 , 0

400X1 + 500X2560074004 + 50042 = 600 10 ,
1.2)

, (1 .5 , 0

X, 0

X2x0



led

· decision variables> D the amount in pounds per week of material 1

that should be used to produce grade A (XA1

X A2 , XA3 , XAH

2) the amount in pounds per week of materials

that should be used to produce grade B (x11)

X B2 , X B3 , XB4

3) the amount in pounds per week of materials

that should be used to produce grade ((Xc)

XC2 , XC31XC4

0

-
the Objective< maximize the total profit (selling - amalgamation cost)

Price

2 = (8 . 5 - 3)(XA +XA24XA3 + XAx)
+ (7 -2 . 5) (XB , + XBz + XB3 + XB4)
+ (5 .5 -2)(Xc, + Xcz + Xcz +X(4)

the constants (subject to):

table 3 . 17

XAl = 0 . 3 (XA1 + XAz + Yay+ XA4) Xa ,
+ XB1 + Xc ,

13000

XAz > 0 . 4 (XA1 + XAz + YAz+ XA4) Xa ,
+ XB1 + Xc ,

23000

* As 0 . 5 (XA1 + XAz + Yay+ XA4) XA ,
+ XB1 + Xc , >1500

X Au = 0 . 2 (XA1 + XAz + Yay+ XA4) XAz + XBz+ x2 = 200

XAz + XB2 + Xcz7
, 1000

X Bl = 0 . 5 ( Xz1 + XBz + Xpz+ XB4) XAz + X13 + Xc3-4000

Xp2>, 0 . 1 (Xz1 + YBz + X33+ X34) XAz + XBz + XC37, 2000

XB4 = 0 . 5 (Xy1 + YBz + X33+ X34) XA4 + XB4 + X4 - 1000

XA4 + XB4 + XC47500

↓c = 0 . 7 (Xc1 + Xcz + Xc3+ Xc4)

3(XA ,
+ XB, + xx) + 6(XAz+ XBz + Y(z)

+ 4(XAz + XBy + Y(z)15(XA4 + XB4+Xch = 30000

All Xs, 0



for each
unit

E
exactly exactly exactly

decision variables> D number of units to be shipped from factory to customer b (X11)

Xij = number of units to be shipped from factory ; to customer ;

·
the objective > minimize the ship

z = 600 X11 + 800X, 2 + 700X13 + 460421 + 900422 + 600423

the constants (subject to):

X11 + X2 = 300

X12 + X22 = 200

X 13 + y23 =400

X11 + X12 + Xi <400

X21 + X22 + X2500

all X, 0



· decision variables , D amount of cargo 1 in tons to shipped and stored in F compartment (XIF)

C2 amount of cargo d in tons to shipped and stored in C compartment (XIC

③3 amount of cargo I in tons to shipped and stored in B compartment (XIB

... x2f , X22 ,
X2B

,
X3F

,
X3C , X3B , X45, X44X4B

·
the Objective > maximize the total profit

z = 320(X1F + X1C + X1B) + 400(X2F + X2C+X2B) + 360)x37+ X32+ X3B)
+ 290(X47 + X4C + X4B)

the constants (subject to):

7

it means that you can take any continuous number in between

I not only integers (



Ch3 :

2) ~ ex : total profit =Profit Prote

3

(ex : non integer(

relate to parameters not DNV

4) of the
model

slos
- Parameters > the values that given in the question

- D . V > the unknowns (X, , X2 . .. )



Ch4 :
max z = 3 X , + 5Xz

1 X
,
+ 0X2 = 4

0x1 + 2x2 = 12

- Simplex method :

3x1 + 2x2 = 18

X1z = 0

X27 = 0

1) first we have to check that this mathematical method is written in the standard form

Yes > the objective has to be

2) Identifying an initial solution
- All the constraints should be· maximization

~ with positive right hand side

-> All the decision variables
Should be 0

&

-slack variables

Z

R X Y M
obj rowOL

RI O D

Oleader
4

corresponding
Ri 0 O 12

R3 03 200 I Ig

3) Initialization

- Basic variables> variables that have values

B
- Nonbasic variables> variables that have zero values

- variables that haveIdentity under them < Basic variables

here : X3 , X4 , Xs

2

Xz = 4 < (the Right hand side of the row of the leader at Xs)

2 > is always has under it an identity X4 = 12 ) (the Right hand side of the row of the leader at Xs)L

- Always the number of basic variables equal to the number of constraints Xs = 18 < (the Right hand side of the row of the leader at Xs)L

- Nonbasic Variables > X ,
= 0 , X = 0



4) Optimality : objective functions sosisoil

(Is this solutionOptimal ?)

7 To know if the solution is optimal or not

) we have to look at the objective now

-if you have an negative coefficient in the objective now then this solution is not optimal.

- select the most negative variable > which is X2 here (-5)

: X2 is entering variable (XI will become a basic variable)

centering var

R,
Z XI & X Xu Ys RH

obj row > 1 - 3 O

Pl O D O 100 4

Ro O 2 01 O 12

R3 G 3 2 o G I Ig

5) Feasibility
=> How much can i add to the entering variable (X2) While continuing to stay in the feasible region

take the right hand side for the constraints (R ,, R2 , Rs) and then divide them by the coefficient of X2 (RHS/zoef entering var)

2 X , X2 X3 Xv Xs RHS
RHS/cofent var (

I - 3 -5000 O

0 O 1004 4/0 = 5

12/2 = 6 minimum shaOrdertaaO 020 I O 12
T I we have

G 3 28 0 1 18 1812 : 9
to select the

minimum
> pivot element (must make it a leader)

-> the Leaving variable is the variable that its leader in the this rowcX4

X4 < leaving var



RHS/ coef ent var
XI RISRoz
-

X2 Xs XYa
obj row >/ 30

Rio 0 I 00 4 4/0 = 5 CR2 <R2/2

R20 O I O 1/2 O 6 12/2 = 6 2) Ro <5Rz + Ro

R30 3 g 0 - I 6 18/2 = 9 3) R3 c 2R2 + R3

6) Repeat step 4 & 5 (Optimality & Feasibility) until you reach the optimal solution

- Basic variables
> X3 = 4

, x2 = 6 , X5 = 6

- Nonbasic Variables < X
.

= 0
,

X4 = 0

RHS/ coef ent var
2 X , X2 X3 X4 RIS

Ro
o 2 .

5
obj row > 1 -3 O 30

Rio O I 00 4 4/1 = 4

R2 O O I O 1/2 O 6 610 = x

R30 3 00 +1 6 6/3 = 2 minimum

< is the pivot element

XI c is the entering variable

X5 > is the leaving variable

RHS/ coef ent var

Ro
2 X X2 X3 X4 Xs RIS

obj row > 10 00 1 . 5 I 36 [Rs < Rs/3
Rio O O I 113 - 113 2 4/1 = 4 2) Roc-1Rs+ Ri

R20 O I O 1/2 O 6 610 = x 3) Ro < 3Rz + Ro

R30 I g g - 113 1/3 2 6/3 = 2



· continue Step 6 :

- Basic variables
> X z = 2

, Xz = 6 , X1 = 2

- Nonbasic Variables < Xy = 0
, X5 = 0

-> All the coefficient are positive

L Optimal solution

z = 36

- the slack variables <sid (unutilized capacity

X14 Xz = 2 > X + Xz = 4

2x212 X4 = 05.
> 2x2 + X4 = 12

3x 1
+ 2x18X5 = 8 > 3X , + 2x2 + Xy = 18

X 0 so var,I

X20

what if analysis :

- I want to increase the number of hours from 4 to 5 in the first constraint will this effect my solution?

>
No

,
because i have excess (1830) (X3 = 2)

- I want to increase the right hand side for the third constraint by one wit how that will effect my solution

-> will increase the objective value (total profit)

How do we know the amount of increase ? which is

Ro, X X*
MAS

MASI codea

> shadow price > (coefficient of the slack variables in the optimal simple X tablu) ~ 36

Rio 0 O 2 4/1 = 4

> - if we do increase the RHS for the first constraint by one unit
R20 O I O 1/2 O 6 610 = x

- the optimal value (36) will increase by zero unit

R30 I g g - 113 1/3 2 6/3 = 2

>- if we do increase the RHS for the second constraint by one unit

- the optimal value (36) will increase by 1 . 5 unit

~> if we do increase the RHS for the third constraint by one unit

> the optimal value (36) will increase by one unit

the values of X, & X2 will remain the same

X1, /230 they are the same



-> Post optimality analysis : in this case if we do change the col

> 1) Slight changes in the RHS

2) slight changes in the coefficients of the variables in the objective function
optine

3) 7

point remain optimal , the last intersection between the objective & the feasible area

> we can change the slope of the objective function in certain amount but it remains trapped between two slopes

(the two slopes are the slopes of the constraints that

their intersection point gave me the optimal solution.

lec!
-



XI XS RHRo X2 Xs Xu XO - 13

Rio O 4 - 5 I -3 O

1) it is in the standard form R20 - I 28 I O
"

R3 0
I

O 2 -30 - 1 I

I
I

2) 2 - 2X1 - 1X2 + Xy = 0

3X1 + 12 + x3 + 44 = 6 XI XS RH RHS/cool ent var

Ro X2 Xs Xu X
X1 - x2 + 2x3 + Xz = 1

I
O - 13

I↓ 1 + X2 - Xz + X6 = 2 Rio O 4 - 5 I -3 03314

X,, 0 R20 - I 28 I O 11/1

X20 R3 0 O 2 - 3 O - 2 I I 1/2

X 4 , Xg , X6 < slacking variables

↓ (PHS/cobe)i
&3) . Basic variables

< X3 = 1
, x = 20 · XS = 10

, X6: Z XI X2 X3 X4 XS Xy Rt

- Nonbasic Variables < X
.

= 0
, X2 = 0

0 O 03120312 112 5/2

4) Ro &
X X2 X3 X4 XS X RH

Rio O O I I - I - 2 I

- 2 I -100 O R20 I O 1/2 O 1/2 1/2 3/2

Rio I 3 I I I g O I 6 R3 0
I

O I - 3/2 0-112 1/2

I
1/2

R20 I - I 28 I O I

R3 0 I 1 +10 O & 2
> The Optimal solution

Z

5) Ro

I
XI

X2X3 Xu X Xy

I
RH RHS/ coef ent var z = 5/2

- 2 I 00

Rio 3 I 11 g O 6613 = 2

R20 I - I 28 I O 11/1 : I min

R3 0 I 1 = 1 8 O 12 2/1 = 2

-
is the pivot element XI c is the entering variable

Povit element >is bos a dis is

aligs,
09 XS > is the leaving variable



Me

* Example

max :

> 2 = 3X , + 3X2 + 2x3

Subto :

> X ,
- Xz + 4x37

2x , + 3x2 + XzS
X 1 , X2 , X3 >, zero

it is in the standard form

2 3X1 - 2Xz = 0

X1 - Xz + 4x3 + 44 = 7

2x1 + 3x2 + X318

X1 1 X , X30

Xy ,
X s < slacking variables

- Basic variables
> X3 = 4

, x = 6 . X5 = /8

- Nonbasic Variables < X
.

= 0
, X2 = 0

Ro
XI X2 X3 X4

R-

>
(Tai for entering variable)- 3 - 3 -2 O

Rio I I - 1 4 I O I 7
I we have two numbers that are most negative

R20 2 3 I O schoose any one of these two

Ro
XI

Y X Xs RHS RHS/cool ent var

- 3 00
-

>
(Tai for Leaving variable

I 4 I IRio I -11 088/4 = 2 > we have two numbers that are minimum

R20 2 3 I O 12 2/1 = 2 > choose any one of these two



ORI assignment 2

R
, c Rilz

Ro > 3Ry + Ro

R2 c - Ri + R2

X2 X3 X
RIS

do
- 1/2 312 9

Rio ↓ 112 1/2 O 3I 3/2 -1/2 I I 3

1) it is in the standard form

6) . Basic variables
< X3 = 6

, x4 = 6

2) z- 3X1- 2xz = o - Nonbasic Variables < X
.

= 0
, X2 = 0

2X1 + 12 + x3 = 6

RoZ X X2 X3 X4 RIS
RHS/ coef ent var

X , + 2x2 + 44 = 6 10 - 1/2 312 O 9

X,, 0 Ri 0 1 0331% = 6I Ia I IX20 R20 O 13 3/2 = 2 min

X3 , X4 < slacking variables
> is the pivot element

Rs > &R * 2 < is the entering variable

3) . Basic variables
< X3 = 6

, x4 = 6 Ri + + Rz + R / X 4 > is the leaving variable

- Nonbasic Variables < X
.

= 0
, X2 = 0 Ro LR2+ Ro

RIS
Ro?

X Yusis 10O

4)n Rio I I O 2/3-113 I 2

R20 O I - 1/3 2132

RHS/ coef ent var
< The optimal solution

5) Ro & X X2 Xs Xu RS
z = 10

Ri0 2 11 O 6 6/2 = 3 minimumI I I
XI c is the entering variable

R2O I C O 16611 = 6

is the pivot element
X3 > is the leaving variable



Me

- Find the optimal solution in simple X method and graphical method :

MaX

> z = 3X , + 2X2

subject to

> X, 4

2x26

3x
1 + 24218

X1 , X23, 0

-In graphical method :

X = 4

X2 = 3

X2
3 X1 + 2x2 = 18 < when x1 = 0 > (0 , 9)

when X2 = 0 < (6 , 8)

10,
9) 49 The optimal solution

T

2013
3

.

L (413) 2= 18

He
I=0

610 XI

>The optimal point is (4 , 3)

z = 18



In Simplex method : Ro = 3 R
, + Ro Ry =

-3 Ri + Rs

1) it is in the standard form
Ro

XI X2 Xs Xu XS RIS

I
O -2 3 g O 12

2) 2-3X1 - 2Xz = 0
Rio O I G so 4

X1 + Xz = 4 R20 O 2 8 I g 6

2x2 + X4 = 6 R30 0 2 -> o I 6

3X1 + 2x2 + Xy = 18

X,, 0 6) . Basic variables
> X1 = 4

, x = 6, X5 = 6

X20 · Nonbasic Variables > Xz= 0
, Xz = 0

Xg , Xy ,
X < slacking variables

Ro
XI X2 Xs Xv Xs RHS RHS/cofent var

O -2 30 O 12

3) . Basic variables
< X3 = 4

, x = 6 . X5 = /8 Rio O I G so 4 4/0 = 0

- Nonbasic Variables < X
.

= 0
, X2 = 0 R20 O 2 8 10

XI X2 Xs Xu XS RIS R30 0 2 -> 01 6

4) Ro

I
-3 -20 o 8 O

-

I
S is the pivot element·

Rio I O 10 o 4

R20 O 2 8 I g 6 R2ctRz Rs c-2Rz+ Es

R30 3 2 00 I 18 Ro < 2R2 +Ro

XI XS RIS

I
XI RHS RHS/ cool ent var

Ro

I
O XnXs X O 18

5) Ro -3 Y X Y O

-

Rio O I 004

Rio O I o so 44/1 = 4 min R2O O I 8 1/2 g 3

R20 O 2 8 I g 6610 = 2 R30 O O - 3 - I I O

R3 0 3 200 118 1813 = 6

Sis the pivot element

X I is the entering variable >
The optimal solution

X3 > is the leaving variable z = 18

X1 = 4

Xz = 3



Me

- Find the optimal solution in simple X method and graphical method :

MaX

> z = 3X , + 2X2

subject to

> X, 4

2x212

3x
1 + 24218

X1 , X23, 0

In Simplex method : Ro = 3 R
, + Ro Ry =

-3 Ri + Rs

1) it is in the standard form

Ro
XI X2 Xs Xu XS RIS

I
O -2 3 g O 12

2) 2-3X1 - 2Xz = 0 Rio O I G so 4

X1 + Xz = 4 R20 O 2 8 I g 12

2x2 + X4 = 12 R30 0 2 -> o I 3

3X1 + 2x2 + Xy = 18

X,, 0 6) . Basic variables
> X1 = 4

, x = 6, X5 = 6

X20
· Nonbasic Variables > Xz= 0

, Xz = 0

Xg , Xy ,
X < slacking variables

Ro
XI X2 Xs Xv Xs RHS RHS/cofent var

O -2 30 O 12

3) . Basic variables
< X3 = 4

, x = 6 . X5 = 18 RIO I O I G so 4 4/0 = 0

- Nonbasic Variables < X
.

= 0
, X2 = 0 R20 O 2 8 I g 6

XI X2 Xs Xu XS RIS R30 0 2 -> O I 6

4) Ro

I
-3 -20 o 8 O

-

I
S is the pivot element -

Rio I O 10 o 4

R20 O 2 8 10 12
Z XI XS RIS

R30 3 2 00 I 18 Ro O 2 Y Y 18

XI RHS RHS/ cool ent var Rio O I o 04

5) Ro -3 Y XYTo O

-
R20 O 03 I - 6

Rio O I o so 4 4/1 = 4 min R30 0 2 -32 O 112 3

R20 O 2 8 I g 12 12/0 = -

R3 0 I 3 200 118 1813 = 6

I
Sis the pivot element

X I is the entering variable

X3 > is the leaving variab



Doct35
min

& infeasible :

N S

no feasible area

(Infeasible area)

2 >
y

theon the mathematical model

y

: so i can't use the simple X method

use big M method



>
solve it using simplex method

D.V : Xfm = number of full time workers that should work the morning shift
.) Xfa , X fel

Xp ,
= number of partlime workers that should work the 1 Shift (XP2 . XOs , Xp4)

objective> minimize the cost

< z = 40(8)(Xfm + Yea + xfe) + (30)(4)(Xp, + Xpz + Xpz + Xq4)

sub to :



Big M method
>

solve it using simple X method
Me

immwei
7

- We can not use the simplex method

· decision variables
7 because this model is not written in the standard form

minimization > maximization
>

XI : dose in kilorad from the first beam 2) add artificial variables to the constraints that have (=

X2 : dose in kilorad from the second beam 3) add artificial variables Surplus to the constraints that

nave()
> negative slack variable

- objective

~
minimize the total absorbed by healthy anatomy M < a very big number

2 = 0 .4x1 + 0 . 3x2 <"max
-z = -0 . 4x ,

- 0 . 5X2 - MXa,
- MXa

< To force the objective

Subject to (constraines S make MXa
,
= zero

-2 + 0.4x1 + 0.5X2 + MXa
,

+ MXaz= 8 MXaz = Zero

70 .3x1 + 0 . /x2 * 2 .
7 > 0

. 3 x1 + 0
. /Xe + X3 = 2 . 7

0
. 5X1 + 0 . 5X2 = 6

20 .5X1 + 0 .5x2 + Xai = 6

0 . 6x1 + 6 .4424630641404x_+ Xaz = 6 notfeasiblelet

X270

artificial variable

I
Restoring the properof

X, 7, 0 Surplus

X37, 0 Slack var

X40 surplus var Ro > -MRz + Ro

0 Artificialor a
Roc-MRz + Ro

2
2 X

, Xz Yz X4 Ya Xaz

the negative L
Ro 0 . 4 0.5 0 8 M M O

here it I
RitS

mean anything R, 0 0 .3 0 . 1 I 00 0 2.7

R20 0 . S 0 . 5 O O 10 6

Rs 0 0 . 6 0 .4 g -1 O I G

- Basic variables
> X

3
= 2 .7

, Xai6 , X = 6
az

· Nonbasic Variables > X1 = 0
, X = 0 , X4 =0

2 X
,

X2 Yz Xu Yai Xaz

- As long as the artificial variables are taking values other than zero
Ro -1 0 .4-1

.
/M 0.5-0.91 000

- 12 M
LRMS/ coef of ent var

I
RitS

>
This tableau is not feasible. R, 0 0 .3 0. I 0 0 O 2.7 2 .7/0 .3 = 9

R20 0 . S 0 . 5 O o I O 6 6/0.
5 = 12

note R300. 6 0 .40 + 0 I 6 610.
6 = 10

infeasible+ optimal -> the mathematical modiis > pivot element



Ri c R i /03 R2 < - 0.5 R
,
+R2

Ro < ((-0 . 4 +11m) Ri + Ro Rs 1 - 0 . GR
,
+ R

oil&.

- feasiblerejoi,a2X
,

X2 Yz X4 Yai Xaz T

Ro-I 0 0 .366 - 0.53M -1.3 + 3. 67M M O O
-3 . 6.M

RMS/ coef of ent var

R, 0 1/3 113 101 O O 09 9 ((/3) = 27

O

I
-2 - I j I

RitS

R20 113 113-513 O ↓ O 1 . 5 1 .5 /(113) = 4 .5

Rs 0 . 2 0 .
2 0 . 6 0 .60 .2 = 3

> pivot element

Rz c Rs/0 .
2 R

,
< - - R+R,

Roc - 10366-0. 53M)R3tRo Rcl-ERs+ R2

2 X
, Xz Xy Xu Yai Xaz

RitS
Ro -1 0 0 2.33-1 .66M 1 .83- 1.66M 0 - 1 .83+ 2

.
66M - 4.7 - 0 .5M

R, O 10 6. 67 1 .67 0-1. 67 g

R > 0 O 0 1 . 67 1 . 67 1 - 1 .67 0 . 5

R3 O

I
8 I -10 -503S

R2 c Ry/ 1 . 67 R , a
-.67Rz + Ri

Ry <- (1 . 831 .66MRztRo R
,

L 5Rz+ Rs

2 X
, Xz Xy Xu Ya Xaz

RitS
Ro -1 0 O 0

.5 0 (-1.
1 +1M) M - 5 . 25

R, O I O 5 0 - 1 C 7. 5

optimal & feasible
R > O I O O I I 0 . 6 - I 0 . 3 7Rs O O 1 - 3 g 3 0 4 . 5

(artificial variables)
its feasible because Xa , Xan = Zero

Basic variables-> X1 = 7 .5 , Xz= 4
.5 1 X4 = 0.3 ,

2 = 5. 25

z = 5 . 25 > negative cancel negative



Mmethod

> Maximize - z = - 3X1 - 2x2 - MXa ,
- MXaz

7
-z + 3X , + 2X2+ Mai + MXaz = O

> Xi + 2x2 + Xz = 12

(2x2 + 3X2 + Xa) = 12

> 2x1 + Xz + X4 + Xaz = 8

> Restoring < Roc-MR2 + Ro , Roc-MRz+ Ro

Rc < R2/3 , Rsc-1RetRs ,
R

, <-2Rz + Rs
,

Ro < (2+4M)R + Ro

Rs < R3/1 .3 Rec066RstR2 , Ry <033RstRI ,
Roc(66+33M/Rg + Ro

3 its optimal & feasible



7 - z = - 3X ,
- 2x2 - 7Xz = MXa

,
- MXaz

X1 + X2 + Xai = 10

2x - Xz + Xz + Xaz - X4 = 10

X
,

Do

X470

Yay , Xaz0

-z + 3X , + 2x2+7X3 + Myaz + Mxau = O

Restoring the properof

Ro > -MRz + Ro

Roc-MRz + Ro

z



Two phase method
>

solve it using simple X method
Me

immwei
7

- We can not use the simple X method here

· decision variables 7 because this model is not written in the standard form

1) minimization > maximization
>

XI : dose in kilorad from the first beam 2) add artificial variables to the constraints that have (=

X2 : dose in kilorad from the second beam
3) add artificial variables surplus to the constraints that

nave()
> negative slack variable

- objective

~
minimize the total absorbed by healthy anatomy M < a very big number

1)z = 0 .4x1 + 0 . 5x2 7 maxc -z = -0 . 4X , -0 . 5X2-MXa,
- MXaz

< To force the objective

Subject to (constraines make MXa
,
= zero

MXaz = Zero

70 .3x1 + 0 . /x2 * 2 .
7 > 0

. 3 x1 + 0
. /Xe + X3 = 2 . 7

0
. 5X1 + 0 . 5X2 = 6

20 .5X1 + 0 .5x2 + Xai = 6

0 . 6x1 + 0 .4423690. 641 + 0 . 4x2 - X4 + Xaz = 6 I notfeasibare

X, 7, 0

X270

X37, 0 Slack var

X40 surplus var last
table is feasible

Y

In two phase method L
> we will identify two objectives

, just reaching a feasible solution

< the first phase objective > to minimize the artificial variable L phased : Min z = Xa
, + Xaz > Max-2 + Xai + Yaz = O

> the second phase objective , the original variable that we do have in the original problem< Phase 2 : Min 2 = 0.4X . + 0 .512 , Max-2 = -0.4X 1 -0. 5x2

W



first phase

Restoring Gaussian method

we can take either X3 or X4 as the most

negative

c T

& optimal & feasible

↓



second phase :

1) delete the artificial variables (after make it feasible& optimal in the first phase

2) delete the objective now& replace it with
>Max-z = - 0.4 X , -0. 5X2

Second phase

> we can not judge if it is feasible or optimal
until Restoring

Restoring Gaussian method

feasible but not optimal

Ioptimal & feasible-



+ MXa + MXaz + MXaz

> 2X , + 3X2 - Xz + Xa) = 42

> 3x1 + 4xz - X4 + Xaz = 60

( X1 + Xz - X + Xaz = 18

Phase 1 > Min z = Xai + Xaz + Xaz <Max-2 + Xal + XantXaz =0

Phase 2 > Min z = Sx1 + 1x2 < Max -2+ x1 + 7xz = 0

Note :

RAS for the objective row--ERHS for the rows that have theBasicartificial variables

Phase 1 :

~ Restoring Gaussian method

I we can select any one of them as an entering variable (Tie for entering var

> we can select any one of them as an leaving variable (Tiefora

feasiblea optimal

K



Phase 2 :

~ Restoring Gaussian method

7 this case called

Degeneration

the RHS thati chose wasZero> getting the
same

objective

optimalY feasible
~



* Notes :

Case]

Case2

cases

SeX :

S

if we increases the coefficient to a all constrains will be satisfied

: then

L



~ When one of the determinant constraints is parallel to the objective function <
not always is a multiple optimal solutions

JeX :

optimal

- the value of X3 in the objective row is zero
,

which means :

>
if i take it as an entering variable , the value of the objective will remain the same

L



Two points gave us the same optimal solution

linear mathematical model convex space

all the points that on that line (4, 3) to (2, 6) they are optimal solutions us well

How we can find this points ?

> using interpolation

< Pi = (4 , 3)

P2 = (2 , 6)

Pn = 1 p, + (1 - v/p2

v = [0 , 1]

when 1= 0. 3 > Pn = 0.3(4 , 3) + (1 - 0. 3) (2 , 6)

Pn = (2 . 6 ,
5 . 1)

must if we put On in the objective give us 18

I = 3X
,

+ [X2 = 3(2. 6) + 2(5.1) = 18

> the number this of points is a



① important notes :

Case 1 :

> 2 - 3xp+ 5Xz

7 - XP4

> - Xp + X26

7- Xp + 3x2418

Xp = - X 1 2 Xpx0 > X = - Xp

> usingSimple X method

case 2 :

> z = 3(Xp - 50) +5X2

> (Xp-50)15

> 2(Xp - 50) + 4x[10

> Xp = X, + 5000 < Xi = Xp-50

-unconstrained > (-X , 8)
Case3 :

> z = 3(X ,p - X ,n) + 4X2

> 3(X 10
- Xin) + 2x2 10

> 3 (X ,p
- Xin) + x235

X1 = Xp - xn3 ex : if xi = 10 <Xip = 10

Xin = 0

pieget if Xi = -20 > XIp = 0

Xin= 28



phase 1 > min z = Xai + Xaz < max-z = -Xal-Yaz
- MXa) - MXaz

Phase 2 > max 2-4X-2x2 - 3x3- 5X4 = 0

< 2x1 + 2x2+4x3 + 2x4 + Xa = 300

(8X, +Xz + Xz + 544 + Xaz = 300-
Phase 1 i



Phase 2 : weis

Restoring

Fung



* Notes :

S case I

case2 :

case 3 :



assignmentinphase method



Max z=x1+4x2
Sub to

3x1-5x2<=7
4x1-x2>=8

x1 unconstrained
x2>=0

Using two phase method

Me

ORI assignment 4

X1 = X ,

+
- X

z = Xi - Xi + 4x2 + MXa

3X3Xi - 5X2 + x3 = 7

4x4XT - x2 - X4 + Xa) = 8

Phase 3 > Minz = Xal c Max-2 + Xal = 0

Phase I c Maxz = Xi -Xi +4x2 =zoxX - 4Xz = 0

Phase 1 :

2xT Xi Y X Y Xal RARRo-1 0 g

R
, 03 -3 - 5 10 O 7

R28 I 4 - 4 + 0 - 1 I I g

Restoring < Ro < - R2 + Ro

zXi Xi Xz X3 Xu YaIRARRo -1 - 4 4101

R
, 03 - -510 0 7 7/3 = 2.33I IR20 4 - L - 0 - 1 I g 8/4 = 2

R2 < R2/4
,

Ro <4RztRo ,
R i c-3Rz + Ri

zXT Xi XzX3 Y Xal RAR

I
00 0

I0 - 17/41314 -314
Roll

- -10
mi optimal & feasible

RIO



phase 2 :

zXT Xi X2 X3 Xu RHR
Ro 1 + I 4 O

·
o

R
, 0 O 0 - 1714 I 314 I

R28 I I - 1 -1140 - 1/4 I
Restoring > Ro > RotR

zXT XiX X X RS
I

I
O

0 -17/4 I In0
-
.

RIO

zXT X X Xu RA

Rod
17 -1 ·,I
17

IR2O -4 -4

unbounded



Matrices
s



as
> X , + Xz = 4

> 2x2 + 44 = 12

> 3X1 + 2xz + X5 = 18

parameters of z are 3 & 5

Coriginal variables (
C =[35] : coefficients of the decision variables in the objective

A = (0) : coefficients of the decision variables in the constraints

b = [] : RHS of the constraints standard form

x = [x]] obj row

a
Max Z = CX (rowmatrixa column matrix) = one value (Scaler) (1X1) (the value of the objective)

subject to :

&
AX = b C

X0 coefficient of the > the RHS

original variables of any
CA 1j

* (*] = b Xs < Slack variables
in the objective

simples

tableau

> from the slack variables

B : coefficients of the basic variables in the constraints
-mo Basic variables = #of constraints

C : coefficients of the basic variables in the objective

Simplex
tableau



Xy X.4 Ys -There are 3 types of matrices that are fixed : (Along the solution)

O > C & A & b

Bo
Cy = [000]

- To know if the tableau is optimal or not

>I have to knowthecoefficient of the original variables & the slack variables in the objective·

coB *

A - c + = [ -3 -5] LCB * B = zero matrix = [000]
zero matrix

Identity

↳* B = zero matrix

Zero matrix & A = zero Matrix

zero matrix - c = -C

B= Bhare
because

itienti
a

-> not optimal because there are negative coefficient

> the most negative is -5 which is related to X2

> then X2 is entering variable

- To know the leaving variable

7
I have to find the coefficient of the most negative (X2) here

> BA =

f YCRHS/co2of entvar) =[13
%*

b =

(2)
b

select the minimum

which is the second

row here

then the leaving variable is X4

b



> the same column

of X2 from the

original matrix

then B & &B will be

i80 c =0I
- we will Repeat all the steps

C & A & b fixed

B =(d)
c = [05 0]

CB-= not optinaX4

entering variable X

BA =

(0)
B =

[ ]
13to3

=

[]
RHS/creffobentor-

( Y
: Xg is leaving varicea

C
* B =

b = [30]

B =

/Y , c = So

b



coefficient of the origina =CA= 90s Y optimaa

RHS : B
**

b =

[32]
objective valu : <p

* B * b = [36]



*

&



c = [2 -11]

F
Xs XGXuB =

(d
C = [000]

PBG21-17nottimtoSo

B
+ A = 3

I]r
B b =

[5]

↓



[ o 11 I <B = [020]B =

130
not optimal

c
*B-A - c = [0 - 13] 3 Ye is entering

variable
Cp

* B"
= [0 2 07

-A =

[]
B
+* b =

[] BHS / coef of intro =
30/4

= 7

-o igno
c

* B" +b = [20]

B

=] , c
=-

ICPF)

al Identify the corner points feasible

> write the values of the original variables?

at thisX = 10
, Xz = 0

, Xy =
iteration

↳90 pina ~ 6) Identify the constraint boundary e
that define this

CPF solution

> which of the constraints that the slack variables have zevo

value

B" * b =

10] Y vanthe
- X5 that related to the second constraint

<DB: ob = <23] Y valua time
E wate



c = [342]

#[ii]
b = []

X4 YS

B=, < = 200

X4 Xz

In the first iteration

<X2is enteringvurtha B) , c =o

X , Xz

In the second iterationXis enteringvurtha =(i) , c = S

to find the variables value < B
**

b = [] > X1 = 10 , X2 = 10

to find the objective value <Cp
* Bo = [70]

if the question doesn't tell me the this is optimal - I have to check it

CABA-Coy
-optimal



c = [223]

t = [? ]

b = [4)

B = [i]

CB = [00]

Identify the constraint boundary e
that defin this CPF solution o

Y

> which of the constraints that the slack variables have zevo

value

> first constraintbea
Y , >, 0 bes X, = 0

first iteration
> X3 then X4

second iteration< X
2

then X M

B = [?i ) : c = 232)

the coefficient of the slack variables in this tableau

B
+

b = (2) < Y3 = 1
, Xe = 2 represent > The shadow price

M

Cp
* Bab = [7]

To double check if it is Optimal or nata CBPB-c = $1003 T optimal
c

* B =
[l 1)



c = (1
. - 1

, 2)

A =(2)

b = (3)x = ()

·



c = [612]

c = [6 12]

))b = (3)

CB : (i)
b = [3]

- B= ,
CB = [026]

CBBA -c = [07 0]

O11

=g 300

< Bin = [6]

1
+

b

= )



Chapter
6



b

Original problem> primely problem · both of them will lead to the same

] > equivalent problems

Second problem <Dual problem optimal solution

there is some relationships between the

(primaly)
I

dual& the primal

Original problem Dual problem
↓

· maximization< Minimization

· the same parameters but in different locations

parameters> values in the second stage from the development of the mathematical model (collecting the data)

Decision variables> we don't know their values (we have to find them by solving the mathematical model



Dual model
dual decision

max z = 3 X , + 5Xz b
Dual problem

1 X
,
+ 0X2 = 4 LY , sidentify new decision variables·

D primal model

variables

0x1 + 2x c = 12cy2

3x1 + 2x2 = 18
- 33

X1z = 0

X27 = 0

the number of constraints in the primal problem-the number of decision variable in the dual problem

each constant in the primal problem is corresponding to a decision variable in the dual problem

- each constraint in the dual problem is related to a decision variable in the primal problem

-If the primal problem was maximization the duel problem will be minimization

-if the primal problem was minimization the duel problem will be maximization

"s8

B
· the objective in dual

> (PHS for each constraint from the primal * Decision variable of the Dual)

2) Dual model · Any mode have Dual model

min w = 4 y , + 1232 + 184

Sub to : > standard form

y, + 0yz + 3y373 1 - (coefficients of X , in the three Constraints *

corresponding dual decision variably
oy , + 2yz + 24375

- the RHS > the coefficient of X. in the objective in the primal

· 0 problem





Me

Me

eX :

Primal model :

max z = 4X

Sub to :

X1 + 2x215 > Y

X213 > Y2

* 3,
0

Dual model :

min w = 5y , + 3 yz

Subto
021, 4

2y1 + 1y270

, o

eX :

Primal model :

max z = 4X , + Xz

Sub to :

3X1 + X315 > Y

2x2 + 3X327 > y2

In o

Qual model
e

y , 73

Sub to :

3 y , 7, 4

2y27

y1 +3yz0

37, 0



the values of 1 , 2 , 3 ... is the coefficients of

the slade variables

>& represent the shadow price also in the objective

Ia

infeasible feasible

feasible in primal
infeasible in dual pensible ifeusible



feasible in primal < infeasible in dual

infeasible in primal afeasible in dual

if primal was bounded & feasible the dua will be

& (morethehe bounded &

Feasible



primal has a feasible solution & unbounded , the dual will be infeasible

feasible region <the objective is suboptimi
-above the optimal solution- super optimal (but infeasible



primal has a feasible solution & unbounded , the dual will be infeasible

feasible region <the objective is suboptimi feasible & optimal > optimal sol

-above the optimal solution- super optimal (but infeasible feasible & not optimal, sub optimal

infeasible & optimal < super optimal

optimal Dual infeasible & not optimal <
Neither feasible nor Super optimal

infeasible feasible
super

optimal sub
optimal

umin 36
max

A

Infeasiblea optimal
fercibea



-> If the mathematical

model is not written

T
in the standard form

we have to use :

L

·SOB Method :

max

const < (5) sensible -> if the constraint sensible its dual decision variable will be sensible

- = (0) ood ·

&

-(B) Bizarre

DV0 (5) sensible

- x0(B) Bizarre

unconstraint (0) ood

min

const < (B) Bizarre

- = (0) ood

(5) sensible

DV > 0(5) sensible

- x0(B) Bizarre

unconstraint (O) ood



Me

eX :

>31 > Bizarre (B) y, 0

>Y2 c Sensible (3) 320

S

c33
< Odd 10) < I>

is unconstrained

B

G

Dual model :

min w =10 y , + 20 yz + 15y3

Sub to :

y

related Y1 +Y 3

relatey + y2 +y3x4

relates (1 + 32+ Sys = -
14

Y, 0

Y230

Is is unconstrained



Me

eX:

> YI > S when 9 , 70

- Yz > B when yeO

-> Y3 > 0 when j is unconstrained

S

B

O

Dual model

max w = 10 y1 + 20yz + 15ys

Sub to :

related Y1 +Y 3

relate2y + y2 +y374

relates (1 + 32+ 3y3 = - 1

9 , 70

Y20

Is is unconstrained



when

< 31 B > y , 10

> Yz O > Ir is unconstrained

cY3S 130

g

S 13

Dual :

Min w = 4 y, + 6yz + 4y

Sub to :

4 y1 + 2yz + 4y373

3y ,
+ 332 + 1324

y , 40

Yz is unconstrained

330



> Redundant (we can skip it

redundantc it means that this constraint won't effect your solution (its already satisfied by
the solution you obtained)



Add a constraint
al

change C & A & RHS at the same time

of
Add a new decision variable

1) Ifi add a new constraint what will happen ?

< X
, + X210

s you have to check if the new constraint is redundant or not redundant ( it means that this constraint won't effect your solution (its already satisfied by
the solution you obtained)

-If the new constraint is satisfied with the optimal point
it is redundant

2) Ifi add a new decision variable what will happen ?

> X3 -

> the dual will be shadow price

> Y , = c

Yz = 1 . S

yz = 1

< To know if it is redundant

L if the new constraint is satisfied with y ,
= 0 , ye = /

it is redundant


