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Fuzzy

• The word “fuzzy” means “not sharp, unclear, imprecise, approximate”.

• Fuzziness occurs when the boundary of a piece of information is not 
clear-cut.

• Fuzzy vs vague (not specific, amorphous).
• Examples:

“see you in a few minutes” vs “see you soon”.
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Fuzzy vs vague



Fuzziness Reasoning
• Real world is too complex! 

• Fuzziness introduced to obtain a reasonable model. 

• Partial Success with ‘quantitative’ techniques.

• Expert knowledge’ has become too important. 

• The fuzziness concept can formulate knowledge in a systematic fashion and 
give it an engineering dimension.
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Crisp vs Fuzzy Set 

Crisp (classical) set 
• It is defined by crisp (exact) 

boundaries (i.e. no uncertainty 
about the location of the set 
boundaries).

• Either an element belongs to 
the set or it does not.

• Used in digital system.
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Fuzzy set 
• It is defined by ambiguous 

boundaries (i.e. uncertainty 
about the location of the set 
boundaries).

• It contains objects that satisfy 
imprecise properties of 
membership (degree).

• Used in fuzzy controllers.



Crisp vs Fuzzy Set 

Example
• Crisp: Is water colourless? Yes

No  

• Fuzzy: Is he honest? Extremely honest (0.3)
Very honest (0.4)
Sometimes (0.2)
Dishonest (0.1)
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Some examples of fuzzy applications

• Fuzzy Washing Machine:

The first major consumer product to use ‘fuzzy systems’ (Matsushita Electric 
Industrial Company in Japan in 1991).
The fuzzy system included 3 main input variables (the extent of dirt, the dirt 

type and the load size), which were measured using optical sensors, and one 
output (choice of the correct cycle).
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Some examples of fuzzy applications

• Fuzzy Control of Subway Train (Sendai Subway in Japan):

Two controllers: Constant speed controller (Starts the train and keeps speed 
below its safety limit) and Automatic stopping controller (Regulates the speed 
limit to stop at a target position).
Sample Fuzzy Rules:
For Safety
IF the speed of the train is approaching the limit speed, THEN select the 
maximum brake notch.
For Riding Comfort
IF the speed is in the allowed range, THEN do not change the control notch.
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Crisp Set: Definitions 

• Universe of discourse (X): A collection of objects having the same 
characteristics.

• The elements (x) of a universe are either discrete or continuous.
• Cardinal number (    ): The total number of elements in a universe.
• Discrete universes have a finite cardinal number, whereas continuous 

universes have an infinite cardinality. 
• Set: Collections of elements within a UNIVERSE. 
• Subset: Collections of elements within SETS.
• The whole set: collection of all elements in the set.

2
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Crisp Set: Notations  

• Suppose that A and B consist of collections of some elements in X, then 
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Continue…  

• Also

• Null set (Ø): The set that contains no elements.
• Power set (P(X)): All possible sets of X.
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• Example

• X= {1, 2, 3, 4}

• Cardinal number? 
• Power set? 
• Cardinal number of the power set?
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Crisp Sets: Operations  

• Suppose that A and B two sets on the universe X, then 

• Such operations can be easily presented using Venn diagrams.
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Crisp Sets: Properties   

• Commutativity:

• Associativity: 

• Distributivity:  
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Continue…  

• Idempotency:  

• Identity:  
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Continue…  

• Transitivity:   

• Involution: 

• Axiom of excluded middle:

• Axiom of contradiction: 
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• De Morgan’s principles: The complement of a union or an intersection is 
equal to the intersection or union, respectively.   
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Mapping of Crisp Sets to Functions  

• Relating set-theoretic forms to function-theoretic terms.
• Mapping elements (subsets) in an universe of discourse to elements 

(subsets) in another one.
• Membership function is a mapping for a crisp set:   
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• Suppose that A and B are two sets on the universe X, then the function-
theoretic terms:
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Note that crisp sets are a 
special case of fuzzy sets 
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Fuzzy Sets

• Fuzzy sets contain elements that have varying degrees of membership. 
• For discrete universe: 

• For continuous universe:
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The summation and the integral 
signs are not algebraic symbols. 





Fuzzy Sets: Operations

• Suppose that      and      are two sets on the universe X, then the function-
theoretic terms:
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Continue…

• All the operations for classical sets are valid for fuzzy sets EXCEPT for 
the excluded middle axioms.

• The excluded middle axioms have been extended for fuzzy sets:

• De Morgan’s principles for crisp sets are valid for fuzzy sets.
• Fuzzy intersections and unions can be represented as t-norms and t-

conorms, respectively.
Dr. Wafa' H. AlAlaween 16



Fuzzy Sets: Question 

For a collection of fuzzy sets and subsets on a universe, what is:

• The fuzzy power set? 
• The cardinal number of the fuzzy power set? 
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Fuzzy Sets: Example

• Suppose that we have two discrete fuzzy sets:

• Note that the membership function of 1 is Zero.
• Calculate: Complement, union, intersection and difference. 
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Continue…
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Fuzzy Relations 

• Fuzzy relations map elements of one universe to elements of another 
universe through the Cartesian product.

• The strength of the relation between ordered pairs of the two universes is 
measured with a membership function (              ).

• The cardinality of fuzzy sets is infinity, the cardinality of a fuzzy relation 
between two or more universes is also infinity.
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Fuzzy Relations: Operations

• Let R and S be fuzzy relations on the Cartesian space X×Y, then the 
following operations apply for the membership values:
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Fuzzy Relations: Properties  

• As is the case in crisp relations, the properties of commutativity, 
associativity, distributivity, involution and idempotency are applicable 
for fuzzy relations. 

• De Morgan’s principles are applicable for fuzzy relations.
• Fuzzy relations are not constrained by the excluded middle axioms:
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Fuzzy Relations: Cartesian Product  

• Suppose A and B are fuzzy sets on universes X and Y, respectively, then 
the Cartesian product is presented as follows:

• The fuzzy relation     has the following membership function: 
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Example  

• Suppose that

• ?
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Fuzzy Relations: Composition 

• Suppose that     and     are fuzzy relations on the Cartesian space (X×Y) 
and (Y×Z), respectively, and     is a fuzzy relation on (X×Z), then

• max–min composition can be defined as follows: 
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Continue… 

• max–product composition can be defined as follows:

• Note that fuzzy composition is NOT commutative:  
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Example  

• Suppose that
• The fuzzy relations are as follows:

• Using the max–min composition and max-product composition find the 
relation that relates the elements of universe X to the elements of 
universe Z.  
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Example  
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Crisp Relations: Tolerance and Equivalence 
Relation 
• A relation is considered as an equivalence relation if it has the following 

three properties:
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Continue… 

• A tolerance (proximity) relation: A relation that exhibits only the 
properties of reflexivity and symmetry. 

• It can be reformed into an equivalence relation by AT MOST (CN−1) 
compositions with itself, as follows:
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Fuzzy Relations: Tolerance and Equivalence 
Relation 
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Continue…

• A fuzzy tolerance (proximity) relation: A fuzzy relation that exhibits only 
the properties of reflexivity and symmetry. 

• It can be reformed into an equivalence fuzzy relation by AT MOST 
(CN−1) compositions with itself, as follows:
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Example (3.11)

• A fuzzy relation is as follows:

• Is it reflexive, symmetric, transitive?
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Value Assignment Methods

• Cartesian product,
• Closed-form expression,
• Lookup table,
• Linguistic rules of knowledge,
• Classification,
• Automated methods from input/output data,
• Similarity methods in data manipulation.
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Cosine Amplitude Method

• A similarity metric that uses a collection of data samples.
• It can be presented as follows:
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Max-Min Method

• A similarity metric that uses a collection of data samples. It is 
computationally simpler than the cosine amplitude method.

• It can be presented as follows:
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Example

Five separate regions along the San Andreas fault in California have
suffered damage from a recent earthquake. For purposes of assessing
payouts from insurance companies to building owners, the five regions
must be classified as to their damage levels. Expression of the damage in
terms of relations will prove helpful. Surveys are conducted of the
buildings in each region. All the buildings in each region are described as
being in one of three damage states: no damage, medium damage, and
serious damage. Each region has each of these three damage states
expressed as a percentage (ratio) of the total number of buildings. The
following table summarizes the findings of the survey team:
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Continue…

By using the cosine amplitude and max-min methods, express these data
as a fuzzy relation.
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Continue…

Cosine amplitude method:
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Max-min method:
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Membership Function: Definition 

• A membership function: The values assigned to elements of a universal 
set fall within a specified range.

• It describes the information contained in a fuzzy set. 
• Larger values indicate higher degrees of membership.
• The core: The region (element) of a universe that is characterized by full 

membership in a set.
• The support: The region (element) of a universe that is characterized by 

nonzero membership in a set.
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Continue…

• A normal fuzzy set: A set whose membership function has at least one 
element whose membership value is unity. 

• Prototype: It is an element (only one element) that has a membership 
value that is equal to one. 

• A convex fuzzy set: It is a set which is described by a membership 
function whose values are (1) strictly monotonically increasing, (2) 
strictly monotonically decreasing, or (3) monotonically increasing then 
decreasing with increasing the elements values.

• The height of a fuzzy set is the maximum value of the membership 
function.
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Membership Functions: Types
• Membership functions can be symmetrical or asymmetrical.
• They can also be defined as 1D or nD membership functions.
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In Matlab, the fuzzy logic
toolbox includes 11 built-in
membership function types.



Fuzzification

• Fuzzification represents the process of mapping crisp values to fuzzy 
sets.

a) Triangular Membership Function: 
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Continue… 

b) Trapezoidal Membership Function: 
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Continue… 

b) Trapezoidal Membership Function: 
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c) Gaussian Membership Function: 
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Defuzzification

• Defuzzification represents the process of mapping fuzzy values to crisp 
ones.

• Methods (common):
a) Max membership (the height method):

b) Centroid method (centre of area/gravity):
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Continue…  

c) Weighted average method:

d) Mean max membership: This method is similar to the maximum 
membership method, except that the locations of the maximum 
membership can be non-unique.
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Continue…  

e) Centre of sum: 

Note: Two drawbacks to this method are that the intersecting areas are 
added twice, and the method also involves finding the centroids of the 
individual membership functions.

10Dr. Wafa' H. AlAlaween



Continue…  

f) Centre of largest area:

g) First (or last) of maxima: The value of the domain with maximized 
membership degree.
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Example 
A railroad company intends to lay a new rail line in a particular part of a county.
The whole area through which the new line is passing must be purchased for
right-of-way considerations. It is surveyed in three stretches, and the data are
collected for analysis. The surveyed data for the road are given by the sets: B1,
B2 and B3, where the sets are defined on the universe of right-of-way widths, in
meters. For the railroad to purchase the land, it must have an assessment of the
amount of land to be bought. The three surveys on right-of-way width are
ambiguous, however, because some of the land along the proposed railway route
is already public domain and will not need to be purchased. Additionally, the
original surveys are so old (circa 1860) that some ambiguity exists on
boundaries and public right-of-way for old utility lines and old roads. The three
fuzzy sets shown in the Figures below, represent the uncertainty in each survey
as to the membership of right-of-way width, in meters, in privately owned land.
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The fuzzy sets:
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Find the single most nearly representative right-of-way width (z).
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Continue… 
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Using the centroid 
method:



Continue… 
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Using the weighted 
average method:

Using the centre of 
sum method:

The centre of largest area method provides the same result as the centroid method (z*=4.9).



Continue… 
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Using the first of maxima method z*= 6.

Using the last of maxima method z∗=7.
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Logic: Definition 

• Logic is a small part of the human capacity to reason.
• Fuzzy logic is a method to formalize the human capacity of imprecise 

(approximate) reasoning.
• Reasoning represents the human ability to judge under uncertainty.
• Interpolative reasoning: the process of interpolating between the binary 

extremes of true and false is represented by the ability of fuzzy logic to 
encapsulate partial truths.

• Proposition is associated with the concepts of truth sets, tautologies, and 
contradictions.
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Crisp Logic 

• A proposition (P) is a linguistic (declarative) statement contained within 
a universe of elements (X) that can be identified as being a collection of 
elements in X, which are strictly true or strictly false.

• The veracity of an element in the proposition P can be assigned a binary 
(Boolean) truth value, T (P).

• Assume that U is the universe of all propositions, then one can consider  
T is a mapping of the elements (u):
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• Truth set, T(P): all elements u in U that are true for proposition P.
• Falsity set: all elements u in U that are false for proposition P.
• So what are:
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Crisp Logic: Connectives 

• Assume that P and Q are two propositions on the same universe of 
discourse, such propositions can be combined using the following 
connectives:

• Equivalence comes from dual implication. 
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• Let us define sets A and B on a universe X, and propositions P and Q 
measure the truth of the statement that an element is contained in sets A 
and B, respectively, or more conventionally:

• Using a characteristic function:

6Dr. Wafa' H. AlAlaween



Continue…
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• If                              and the truth of P always implies the falsity of Q and 
vice versa, then P and Q are mutually exclusive propositions.
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• Truth table for various compound propositions:
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Crisp Logic: Tautologies 

• Tautologies are compound propositions that are always true irrespective 
of the truth values of the individual simple propositions.

• Tautologies are useful for reasoning, proving theorems, and making 
deductive inferences.

“All humans are mammals”
“Prime numbers are not divisible by 6”

• Assignment: Using the truth table, represent a tautology.
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• A valid argument is a list of premises from which the conclusion follows.
• Modus ponens: is a very common scheme used in forward-chaining rule-

based expert systems. It is an operation to find the truth value of a 
consequent given the truth value of the antecedent in a rule.

Form: If A, then B.
A. 
Therefore, B.
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• Modus Tollens: is a very common scheme used in backward-chaining 
expert systems.

Form:
If A, then B.
~B. 
Therefore, ~A.
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Modus ponens  Modus Tollens



Crisp Logic: Contradictions and Equivalence 
• Contradictions are compound propositions that are always false, regardless of 

the truth value of the individual propositions constituting the compound 
proposition.

“Prime numbers are a multiple of 4”

• Propositions P and Q are equivalent (             ) when both P and Q are true or 
when both P and Q are false.

• Assignment: Using the truth table, represent a contradiction.
• Assignment: plot the Venn diagram for equivalence.
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Crisp Logic: Example
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Crisp Logic: Exclusive or

• Exclusive or (XOR): it arises in many situations involving natural language 
and human reasoning.

• This situation involves the exclusive or; it does not involve the intersection.
• Assignment: Using the truth table and Venn diagram, represent the 

“Exclusive or”: 

15Dr. Wafa' H. AlAlaween



Crisp Logic: Exclusive nor

• Exclusive nor (         ) is the complement of the exclusive or.

• Assignment: Using the truth table and Venn diagram, represent the 
“Exclusive nor”: 
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Logical Proofs 

• Inference: the process of making certain conclusions from some given 
hypotheses.

• How?
1. The linguistic statement (compound proposition) is made.
2. The statement is decomposed into its respective single propositions.
3. The statement is expressed algebraically with logical connectives.
4. A truth table is used to establish the veracity of the statement.

• Self-reading: Deductive inference.

17Dr. Wafa' H. AlAlaween

للادتسا









Logical Proofs: Example  

• Hypotheses: Engineers are mathematicians. Logical thinkers do not believe 
in magic. Mathematicians are logical thinkers.

• Conclusion: Engineers do not believe in magic.
• Decomposing the hypotheses:

P : a person is an engineer.
Q : a person is a mathematician.
R : a person is a logical thinker.
S : a person believes in magic.
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Fuzzy Logic

• A fuzzy logic proposition (    ) is a statement involving some concept 
without clearly defined boundaries.

• The truth value assigned to     can be any value on the interval [0, 1].
• Fuzzy propositions are assigned to fuzzy sets. Suppose proposition     is 

assigned to fuzzy set    , then, the truth value of a proposition is given as 
follows:
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Fuzzy Logic: Connectives 

• The logical connectives: 
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• As in the crisp logic, the implication can be modelled in rule-based form:

• Note: it is equivalent to 
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Example
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Continue… 
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Find



Continue… 
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• When the logical conditional implication is of the compound form:

• Then, the fuzzy relation can be presented as 
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Approximate Reasoning 

• Approximate reasoning is about imprecise propositions.
• It deals with partial truth. 
• Question: suppose we have a rule expressed as follows:

If we introduce a new antecedent, is it possible to derive the consequent?
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• By using the composition operation (                  ), the answer is YES. 



Continue… 

• For the previous example, what market size would be associated with a 
uniqueness score of “almost high uniqueness”
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• By using the max-min composition:





Fuzzy Implication Operations

• There are other techniques one can use to obtaining the fuzzy relation (   ) 
based on a fuzzy rule.

• The membership function values of     can be presented as follows: 
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Fuzzy System (FS) 

• Natural language: it vague and ambiguous, however, one can understand it.
• Example: “young” is a term that can be linguistically interpreted in terms of 

age.
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Continue…  

• A composite is a collection (set) of terms combined by various linguistic 
connectives such as and, or, and not. 

• For the two terms α and β, the interpretation of the composite can be 
defined by using theoretic operations as follows:
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FS: If-Then Rule-Based System

• Knowledge is usually represented using If-Then rule-based form.

• The fuzzy rule-based system is useful in modelling complex systems that 
can be observed by humans, thus linguistic variables can be used to 
describe the antecedents and consequents.

• The linguistic variables can be naturally represented by fuzzy sets and 
logical connectives of these sets.
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FS: Multiple Conjunctive Antecedents 

• Suppose that the rule is as follows:

• A new fuzzy set can be defined as follows:

• Then the compound rule can be represented as:
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FS: Multiple Disjunctive Antecedents 

• Suppose that the rule is as follows:

• A new fuzzy set can be defined as follows:

• Then the compound rule can be represented as:
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FS: Aggregation of Fuzzy Rules  

• Aggregation: The process of obtaining the overall consequent from the 
individual consequents contributed by each rule.

• Two aggregation strategies:
1. Conjunctive system of rules
2. Disjunctive system of rules
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• Conjunctive system of rules

• Disjunctive system of rules
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Inference: Graphical Techniques

• Have you read “Deductive inference”?

• Graphical methods usually make the manual computations of the inference 
easy and straightforward (with a few rules).

• Three common methods for fuzzy systems based on linguistic rules:
1. Mamdani systems
2. Takagi Sugeno systems 
3. Tsukamoto systems
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Inference: Mamdani Systems

• Let us consider a simple two-rule system where each rule comprises of two 
antecedents and one consequent, the Mamdani form is given as:

• For the Mamdani system, two cases can be considered:
• A max–min inference method
• A max–product inference method
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Continue…
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A max–min inference method:



Continue…
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A max–product inference method



Example
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• Assume that mass=0.35 kg and velocity=55m/s.
• By using the max–min inference:  
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Continue…
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Using the centroid method



Continue…
• By using the max–min inference:  
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Inference: Takagi Sugeno Systems

• The Takagi Sugeno rule, which has two inputs x and y and output z, is 
given as:

• The f (x, y) can be any function that describes the output of the system. A 
polynomial function is common. 

• A zero-order system (special case of Mamdani system): f (x, y) is constant.
• A first-order system: f (x, y) is a linear function.
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Note: Each rule has a crisp
output, thus, the overall output is
obtained via a weighted average
defuzzification







Example 

• A two-input, single-output Sugeno model with four rules is presented as 
follows (Jang et al.,1997):
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Inference: Tsukamoto Systems

• The consequent of each fuzzy rule is represented by a fuzzy set with a 
monotonic (shoulder) membership function.
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Example 

• A single-input, single-output Tsukamoto fuzzy model is given as follows:
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Membership Value Assignments

• The assignment process can be intuitive or based on some algorithmic or 
logical operations. 

• Common methods are:
1. Intuition
2. Inference
3. Rank ordering
4. Neural networks
5. Genetic algorithms
6. Inductive reasoning
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Intuition

• The membership values or functions can be derived from the capacity of 
humans to develop them through their own innate intelligence and 
understanding.

• Example: Develop fuzzy membership functions for the temperature.
• Very cold
• Cold 
• Normal
• Hot 
• Very hot
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Inference 

• Knowledge is utilised to perform deductive reasoning.
• Example: Let U be the universe of triangles, where the inner angles are 

A, B and C.
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Rank Ordering 

• Preference is determined by pairwise comparisons, and these determine 
the ordering of the membership.

• Example: Suppose 1000 people respond to a0about their pairwise 
preferences among five colours, X = {red, orange, yellow, green, blue}.
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• Membership function for the best colour 
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Neural Networks 

• A neural network: is a technique that builds an intelligent system by 
simulating the biological neural network.
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Distributing the error using back-propagation 
technique 
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• Determining the membership function 
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Genetic Algorithms 

• Genetic algorithms use the concept of Darwin’s theory of evolution; 
“survival of the fittest”.

• New breeds or classes come into existence through the processes of 
reproduction, crossover, and mutation among existing organisms.

• The algorithms procedure can be summarized as follows:
• Different possible solutions are created.
• They are then tested for their performance.
• Among all of them, a fraction of the good solutions is selected, and the others are 

eliminated.
• The selected solutions undergo the processes of reproduction, crossover, and 

mutation to create a new generation of possible solutions.
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• In a genetic algorithm, the parameter set is coded as a finite string, which 
is presented as a combination of zeros and ones.

• For example, the number 7 requires a 3-bit string, that is, 23 − 1 = 7, and 
the bit string would look like “111”.

• So the number 10 would look like: “1010”.
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• Reproduction is the process by which strings with better fitness values 
receive correspondingly better copies in the new generation, to ensure that 
better solutions persist and contribute to better offspring (new strings).

• Crossover is the process in which the strings are able to mix and match 
their desirable qualities in a random fashion.

13Dr. Wafa' H. AlAlaween



Continue…

• Mutation is the process by which the value at a certain string location is 
changed; if there is a one originally at a location in the bit string, it is 
changed to a zero, or vice versa.

• Mutation takes place very rarely, on the order of once in a thousand bit 
string locations.
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Genetic Algorithms: Example 

• Using the data provided in the table below, perform a line fit (y=C1x+C2).
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The algorithms procedure can be summarized as follows:
• Different possible solutions are created.
• They are then tested for their performance.
• Among all of them, a fraction of the good solutions is selected, and the others are eliminated.
• The selected solutions undergo the processes of reproduction, crossover, and mutation to create a new generation of possible solutions.
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The minimum and the maximum 
values are -2 and 5, respectively.
L=6 bits and b is the number in the 
decimal form. 

To convert the problem into 
a maximization one with a 
cut-off value equals to 0.8.

Number of copies 



Continue… 
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Genetic Algorithms: MF

• Membership functions and their shapes are assumed for various variables 
defined for a problem. They are then coded as bit strings.
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Example

• Let us consider that we have a single-input (x), single-output (y) system 
with input–output values as shown below: 
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• We assume that the range of the variable x is [0, 5] and that of y is [0, 
25].

• Membership function:
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Type-1 Fuzzy Logic System (T1FLS)  
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T1FLS: Fuzzification 

• Fuzzification step represents the process of mapping the crisp inputs (x1, 
x2 …xn) to the fuzzy input sets (    ), where     is the ith fuzzy set for the 
jth variable. 

• The fuzzy sets are usually defined by membership functions. The most 
commonly used membership function is the Gaussian one:
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T1FLS: Rules  

• The rules can be provided by experts or can be extracted from a collected 
data set. 

• Both types can be presented as a collection of IF-THEN statements, as 
follows:

• Clustering/classification can be utilized to initialize the system 
parameters.  
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• Clustering/classification is a data mining technique used to predict group 
membership for data instances.

• K-means clustering: clustering N data points into K disjoint subsets.
• How: 
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• Example:
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Inference and Defuzzification 

• The inference process combines the defined rules to map the input fuzzy 
sets to the output fuzzy sets.

• The output fuzzy set is then defuzzified to get a crisp one. 
• By using centre average defuzzification method, such a mapping can be 

represented as follows:
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• The model parameters need to be optimized by employing an adaptive 
back-propagation network.

• Assignment: Steepest descent method.
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Introduction 

• The decisions may be binary, however, there should be no restrictions on 
the usefulness of fuzzy information in the decision making process. 

• Being able to make consistent and correct choices is the essence of any 
decision process imbued with uncertainty.

• The information affecting an issue is likely incomplete or uncertain; 
hence, the outcomes are uncertain, irrespective of the decision made or 
the alternative chosen.

• There is a distinct difference between a good decision and a good 
outcome!
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• Engineers are primarily concerned with two types of decisions:
1. Operational decisions: an optimal action is sought to avoid a specific set of 

hazards;
2. Strategic decisions: preparation for or anticipation of events in the future.

• Various paradigms for making decisions within a fuzzy environment.
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Fuzzy Synthetic Evaluation 

• Numerical evaluation is often too complex, too unacceptable, and too 
transient.

• Therefore, the evaluation can be described by natural language (e.g. 
excellent, good, etc.)

• A fuzzy relation can be found, followed by numerical evaluation. 
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Example
Suppose we want to measure the value of a microprocessor to a potential client. In 
conducting this evaluation, the client suggests that certain criteria are important. They 
can include performance (MIPS), cost ($), availability (AV), and software (SW). 
Performance is measured by millions of instructions per second (MIPS); a minimum 
requirement is 10 MIPS. Cost is the cost of the microprocessor, and a cost requirement 
of “not to exceed” 500 has been set. Availability relates to how much time after the 
placement of an order the microprocessor vendor can deliver the part; a maximum of 
eight weeks has been set. Software represents the availability of operating systems, 
languages, compilers, and tools to be used with this microprocessor. Suppose further 
that the client is only able to specify a subjective criterion of having “sufficient” 
software. 
A particular microprocessor (CPU) has been introduced into the market. It is measured 
against these criteria and given ratings categorized as excellent (e), superior (s), 
adequate (a), and inferior (i).
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Using the similarity methods presented in Chapter 3, the relation matrix is 
as follows: 

If the evaluation team applies a scoring factor of 0.4 for performance, 0.3 
for cost, 0.2 for availability, and 0.1 for software, then evaluate such a 
microprocessor?
  

6Dr. Wafa' H. AlAlaween



Fuzzy Ordering 

• Decisions are sometimes made on the basis of rank, or ordinal ranking: 
which issue is best, which is second best, and so forth.

• Issues or actions are associated with randomness of fuzziness uncertainty, 
therefore, rank ordering may be ambiguous. 

• If the uncertainty in rank is random, we can use probability density 
functions (PDF). 
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• Example: Suppose we have one random variable, x1, whose uncertainty 
is characterized by a Gaussian PDF with a mean of μ1 and a standard 
deviation of σ1, and another random variable, x2, also Gaussian with a 
mean of μ2 and standard deviation of σ2. Suppose that σ1>σ2 and μ1>μ2.

• The question of which variable is greater is not clear.
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• We can assess this by frequency, 

• If the uncertainty in rank is because of ambiguity, then the ranking is 
very subjective and not reducible to the elegant form available for some 
random variables. 
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F is the cumulative function 
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• If the uncertainty in rank is because of imprecision, then the truth value 
can be used.

• Suppose we have k fuzzy sets  
specified ordinal ranking is given as
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• Example: Suppose we have three fuzzy sets: 
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Then the overall ordering is ……..
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Nontransitive Ranking  

• When we compare objects that are fuzzy, ambiguous, or vague, we may 
well encounter a situation where there is a contradiction in the classical 
notions of ordinal ranking and transitivity in the ranking.

• Example: When comparing red to blue, we prefer red; when comparing 
blue to yellow, we prefer blue; but when comparing red and yellow we 
might prefer yellow.

• For nontransitive ranking, the relativity function is introduced.
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• Let x and y be variables defined on the same universe, and let’s define 
pairwise functions 

• Then, the relativity function can be written as follows: 
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A measurement of the membership 
value of choosing x over y.
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• For more than two variables, the relativity function is given as follows:

• Question: By including xi in the equation above, what is the output?
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A fuzzy measurement of choosing 
xi over all the other elements
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• Example: In manufacturing, we often try to compare the capabilities of various 

microprocessors for their appropriateness to certain applications. For instance, 
suppose we are trying to select from among four microprocessors the one that is best 
suited for image processing applications. Since many factors, including performance, 
cost, availability, and software, can affect this decision, coming up with a crisp 
mathematical model for all these attributes is complicated. Another consideration is 
that it is much easier to compare these microprocessors subjectively in pairs rather 
than all four at one time. Suppose the design team is polled to determine which of the 
four microprocessors, labeled x1, x2, x3, and x4, is the most preferred when considered 
as a group rather than when considered as pairs. First, pairwise membership functions 
are determined. These represent the subjective measurement of the appropriateness of 
each microprocessor when compared only to one another. The following pairwise 
functions are determined:
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• Then, the relativity values are: 
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To determine the overall ranking, we need to find 
the smallest value in each of the rows of the C 
matrix.

The order from best to worst is x1, x4, x3, and x2.



To determine the overall ranking, we need to find
the smallest value in each of the rows of the C matrix.



Preference and Consensus 

• The goal of group decision making typically is to arrive at a consensus 
concerning a desired action or alternative from among those considered 
in the decision process.

• The individual preferences of those in the decision group are collected to 
form a group metric whose properties are used to produce a scalar 
measure of “degree of consensus.”

• First, we need to define a reciprocal relation as a fuzzy relation:
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• Two common measures of preference are defined here as average 
fuzziness and average certainty:
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• Three types of consensus:
1. Type I consensus: is a consensus in which there is one clear choice, and 
the remaining alternatives all have equal secondary preference.
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2. Type II consensus: there is one clear choice, but the remaining 
alternatives all have definite secondary preference.

where alternative 2 has a clear consensus, but where there is no clear ordering after the 
first choice because alternative 1 is preferred to alternative 3, 3 to 4, but alternative 4 is 
preferred to alternative 1.
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3. Type fuzzy consensus: where there is an unanimous decision for the 
most preferred choice, but the remaining alternatives have infinitely many 
fuzzy secondary preferences.

The matrix shown here has a clear choice for alternative 2, but the other secondary 
preferences are fuzzy to various degrees.
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• Think about the cardinalities of these matrices.
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Cardinal Number :The total number of elements in a universe.
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• Distance to consensus metric can be defined as follows:
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• Question: when does             equal            ?

 



Multi-Objective Decision Making   

• Decisions are, more often than not, made in an environment where many 
objectives need to be considered.

• Two primary issues in multi-objective decision making are to acquire 
meaningful information regarding the satisfaction of the objectives by the 
various choices and to rank the relative importance of each of the 
objectives.

• To evaluate the alternatives, the objectives are usually combined. This 
process requires subjective information from the decision authority 
concerning the importance of each objective.
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• Definitions: 
• n alternatives:                              , r objectives:
• Then the degree of membership of alternative a in Oi , denoted μOi(a), is 

the degree to which alternative a satisfies the criteria specified for this 
objective.  

• We seek a decision function that simultaneously satisfies all of the 
decision objectives; hence, the decision function, D, is given by the 
intersection of all the objective sets:
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• The grade of membership that the decision function, D, has for each 
alternative a is given as:

• The optimum decision will then be the alternative that satisfies:
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• When each objective is associated with a weight expressing its 
importance, the decision can be given as follows:

• Implication is the operation that relates the objective and its importance:  
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Example: A geotechnical engineer on a construction project must prevent a large mass of soil from 
sliding into a building site during construction and must retain this mass of soil indefinitely after 
construction to maintain stability of the area around a new facility to be constructed on the site. The 
engineer therefore must decide which type of retaining wall design to select for the project. Among 
the many alternative designs available, the engineer reduces the list of candidate retaining wall 
designs to three: (1) a mechanically stabilized embankment (MSE) wall, (2) a mass concrete spread 
wall (Conc), and (3) a gabion (Gab) wall. The owner of the facility (the decision maker) has 
defined four objectives that impact the decision: (1) the cost of the wall (Cost), (2) the 
maintainability (Main) of the wall, (3) whether the design is a standard one (SD), and (4) the 
environmental (Env) impact of the wall. Moreover, the owner also decides to rank the preferences 
for these objectives on the unit interval. Hence, the engineer sets up the problem as follows:
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• From previous experience with various wall designs, the engineer first 
rates the retaining walls with respect to the objectives, given here. These 
ratings are fuzzy sets expressed as follows:
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• The engineer wishes to investigate two decision scenarios. Each scenario 
propagates a different set of preferences from the owner, who wishes to 
determine the sensitivity of the optimum solutions to the preference 
ratings. In the first scenario, the owner lists the preferences for each of 
the four objectives:
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• Let’s evaluate the three alternatives: 
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• In the second scenario the engineer was given a different set of 
preferences by the owner as follows:
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• There is a tie between alternative a2 and a3 , what should we do in such a 
case?
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• Tie-breaking procedure: 

• If it persists:

• The tie-breaking procedure continues until an unambiguous optimum 
alternative emerges or all of the alternatives have been exhausted. In the 
latter case, some other tie-breaking procedure can be used.
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• Step 1:

• Step 2:  
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Fuzzy Bayesian Decision Method   

• Classical statistical decision making involves uncertainties in the future 
can be characterized probabilistically.

• The choice is predicated on information about the future, which is 
normally discretized into various “states of nature.”

• Classical Bayesian decision methods presume that future states of nature 
can be characterized as probability events. 

• Example: Consider the prediction of the annual demand of a product: it 
could be low, medium or high. These are vague. 
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• Let S={s1, s2, ... , sn} be a set of possible states of nature, and the 
probabilities (prior probabilities) of these states:

• Assume that there are m alternatives, A={a1, a2, . . . , am}, and for each 
alternative aj, a utility value (uji) is assigned when the future state of 
nature turns out to be state si.

• The expected utility associated with the jth alternative would be:
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• The expected utility associated with the jth alternative would be:

• The best alternative is the one with the maximum expected utility among 
all the alternatives, as follows: 
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Example: A geological engineer who has been asked by the chief executive 
officer (CEO) of a large oil firm to help make a decision about whether to 
drill for natural gas in a particular geographic region of north western New 
Mexico. There are only two states of nature regarding the existence of 
natural gas in the region:

s1= there is natural gas and s2= there is no natural gas
From previous drilling information, the prior probabilities for each of these 
states is

p(s1) = 0.5 and p(s2) = 0.5.
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There are two alternatives in this decision:

a1= drill for gas and a2= do not drill for gas
The CEO tells you that the best situation for the firm is to decide to drill for gas, 
and subsequently find that gas, indeed, was in the geologic formation. The CEO 
assesses this value (u11) as +5 in nondimensional units; in this case, the CEO 
would have gambled (drilling costs big money) and won. Moreover, the CEO 
feels that the worst possible situation would be to drill for gas, and subsequently 
find that there was no gas in the area. Since this would cost time and money, the 
CEO determines that the value for this would be u12 = −10 units; the CEO would 
have gambled and lost–big. The other two utilities are assessed by the decision 
maker in nondimensional units as u21=−2 and u22=4. Hence, the utility matrix for 
this situation is given as
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The expected utility 
associated with the two 
alternatives?
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• Suppose some new information regarding the true states of nature S is 
available from r experiments or other observations and is collected in a 
data vector, X={x1, x2, ... , xr}. This information can be used to update 
the prior probabilities.

• Thus, given that the piece of new information xk is true, the probability 
that the true state of nature is si is p(si|xk). The updated probabilities are 
determined by Bayes’s rule:
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• p(xk): is the marginal probability, given as follows:

• Now the expected utility for the jth alternative, given the data xk, is 
determined from the posterior probabilities:

• The maximum expected utility:
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• To determine the unconditional maximum expected utility, we need to 
weight each of the r conditional expected utilities by the respective 
marginal probabilities for each datum xk, that is given as:

• If there is some uncertainty about the new information, we call the 
information imperfect information. The value of this imperfect 
information, V(x), can be given as follows:
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• Perfect information is represented by posterior probabilities of 0 or 1:

• For perfect information, the maximum expected utility is presented as: 

• The value of perfect information is: 
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• Continuation of the previous example: the CEO provides the utility 
matrix as follows:

• The CEO has asked you to collect new information by taking eight 
geological boring samples from the region being considered for drilling. 
You have a natural gas expert examine the results of these eight tests, and 
get the expert’s opinions about the conditional probabilities in the form of 
a matrix:
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• Moreover, you ask the natural gas expert for an assessment about how 
the conditional probabilities might change if they were perfect tests 
capable of providing perfect information. The expert gives you the 
matrix:
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• The expected utilities and maximum expected utility based just on prior 
probabilities are
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• The marginal probabilities are calculated as follows: 
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• The posterior probabilities are calculated as follows:
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• The conditional expected utilities are calculated as follows:
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• The overall unconditional expected utility for imperfect information is:

• The value of the new imperfect information is:

• Finally, which alternative?
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• For perfect information:
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• What about fuzzy information!
• Suppose the new information, X={x1, x2,..., xr}, is a universe of discourse 

in the units appropriate for the new information.
• Let’s define fuzzy set (     ) on the information (e.g. “good”, “moderate” 

information).
• Thus, it has a membership function (           ).
• The probability of a fuzzy set:
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• The posterior probability of si given fuzzy information      can be written 
as: 
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• If the fuzzy events on the new information universe are orthogonal, the 
Bayesian approach can be extended to consider fuzzy information:

• The value of the fuzzy information: 
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• Continuation of the example: Suppose the eight data samples are from 
overlapping, ill-defined parcels within the drilling property. The 
orthogonal fuzzy information system:

• The membership functions:
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• The marginal probabilities for the fuzzy events:

• The fuzzy conditional probabilities:

60Dr. Wafa' H. AlAlaween



Continue…

• The fuzzy posterior probabilities:
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• The conditional fuzzy expected utilities:

• The maximum expected utility and the value of the fuzzy information: 
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Decision Making Under Fuzzy States and 
Fuzzy Actions
• The Bayesian method can be further extended to include the possibility 

that the states of nature are fuzzy and the decision makers’ alternatives 
are also fuzzy.

• Example: Building dike to prevent flooding:
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• The expected utility of fuzzy alternative     : 

• The maximum utility: 
• The posterior probabilities of fuzzy states     given probabilistic 

information:
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• The expected utility given probabilistic information:

• The posterior probabilities of fuzzy states     given probabilistic 
information:



Continue…
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• The expected utility given fuzzy information:

• The maximum conditional expected utility for probabilistic and fuzzy 
information: 
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• The unconditional expected utility for fuzzy states and probabilistic 
information or fuzzy information:

• The value of the fuzzy information: 



Example
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One of the decisions your project team faces with each new computer product is 
what type of printed circuit board (PCB) will be required for the unit. Depending 
on the density of tracks (metal interconnect traces on the PCB that act like wire 
to connect components together), which is related to the density of the 
components, we may use a single-layer PCB, a double-layer PCB, a four-layer 
PCB, or a six-layer PCB. A PCB layer is a two-dimensional plane of 
interconnecting tracks. The number of layers on a PCB is the number of parallel 
interconnection layers in the PCB. The greater the density of the 
interconnections in the design, the greater the number of layers required to fit the 
design onto a PCB of given size. One measure of board track density is the 
number of nodes required in the design. A node is created at a location in the 
circuit where two or more lines (wires, tracks) meet. The decision process will 
comprise the following steps.
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1. Define the fuzzy states of nature: The density of the PCB is defined as 
three fuzzy sets on the singleton states S=(s1, s2, s3, s4, s5)=(si), i = 1, 2, . . . 
, 5, where i defines the states in terms of a percentage of our most dense (in 
terms of components and interconnections) PCB. So, your team defines 
s1=20%, s2=40%, s3=60%, s4=80% and s5=100% of the density of the 
densest PCB; these are singletons on the universe of relative densities. 
Further, you define the following three fuzzy states that are defined on the 
universe of relative density states S:



Continue… 
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2. Define fuzzy alternatives: Your decision alternative will represent the 
type of the PCB we decide to use as follows (these actions are admittedly 
not very fuzzy, but in general they can be):



Continue… 

71Dr. Wafa' H. AlAlaween

3. Define new data samples (information): The universe X=(x1, x2, ... , x5) 
represents the “measured number of nodes in the PCB schematic”; that is, 
the additional information is the measured number of nodes of the 
schematic, which can be calculated by a schematic capture system. You 
propose the following discrete values for number of nodes:



Continue… 
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4. Define orthogonal fuzzy information system: You determine that the 
ambiguity in defining the density of nodes can be characterized by three 
linguistic information sets as                    , where



Continue… 

73Dr. Wafa' H. AlAlaween

5. Define the prior probabilities: The prior probabilities of the singleton 
densities (states) are as follows:

The preceding numbers indicate that moderately dense boards are the most 
probable, followed by low-density boards, and high- to very high–density 
boards are the least probable.
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6. Identify the utility values: You propose the nondimensional utility values 
shown in the table below to represent the fuzzy alternative-fuzzy state 
relationships. 
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7. Define membership values for each orthogonal fuzzy state.
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8. Define membership values for each orthogonal fuzzy set on the fuzzy 
information system:
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9. Define the conditional probabilities (likelihood values) for the uncertain 
information. The table below shows the conditional probabilities for 
uncertain (probabilistic) information.
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10. Define the conditional probabilities (likelihood values) for the 
probabilistic perfect information. The table below shows the conditional 
probabilities for probabilistic perfect information.
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Calculation: Crisp states and actions
(i) Utility and optimum decision given no information.
The nondimensional utility values for this nonfuzzy state situation are 
given as follows:
E(u1) = 6.4
E(u2) = 6.3 
E(u3) = 4.4 
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(ii) Utility and optimal decision given uncertain and perfect information.
(a) Probabilistic (uncertain) information:
Calculate the unconditional 
expected utility?
7.37
The value of the uncertain
information?
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(ii) Utility and optimal decision given uncertain and perfect information.
(b) Probabilistic perfect information:
Calculate the unconditional 
expected utility?
8.9
The value of uncertain
Information?
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Calculation: Fuzzy states and actions
(i) Utility and optimum decision given no information.
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Calculation: Fuzzy states and actions
(i) Utility and optimum decision given no information.
The expected utility:

The optimum expected utility of the fuzzy alternatives for the case of no 
information is 6.8, thus alternative 2 is the optimum.
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Calculation: Fuzzy states and actions
(ii) Utility and optimum decision given uncertain and perfect information.
(a) Probabilistic (uncertain) information:
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Calculation: Fuzzy states and actions
(ii) Utility and optimum decision given uncertain and perfect information.
(a) Probabilistic (uncertain) information:
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Calculation: Fuzzy states and actions
(ii) Utility and optimum decision given uncertain and perfect information.
(a) Probabilistic (uncertain) information: The expected utility values for 
each of the xk can be calculated:
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Calculation: Fuzzy states and actions
(ii) Utility and optimum decision given uncertain and perfect information.
(a) Probabilistic (uncertain) information: The expected utility values for 
each of the xk can be calculated:
The optimum expected utilities:
The unconditional expected utilities:
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Calculation: Fuzzy states and actions
(ii) Utility and optimum decision given uncertain and perfect information.
(b) Probabilistic perfect information:
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Calculation: Fuzzy states and actions
(ii) Utility and optimum decision given uncertain and perfect information.
(b) Probabilistic perfect information:
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Calculation: Fuzzy states and actions
(ii) Utility and optimum decision given uncertain and perfect information.
(b) Probabilistic perfect information:
The optimum expected utilities:

The unconditional expected utilities:
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Calculation: Fuzzy states and actions
(ii) Utility and optimum decision given uncertain and perfect information.
(c) Fuzzy information:



Continue… 

92Dr. Wafa' H. AlAlaween

Calculation: Fuzzy states and actions
(ii) Utility and optimum decision given uncertain and perfect information.
(c) Fuzzy information:
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Calculation: Fuzzy states and actions
(ii) Utility and optimum decision given uncertain and perfect information.
(c) Fuzzy information:
The expected utilities:

the optimum expected utility
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Calculation: Fuzzy states and actions
(ii) Utility and optimum decision given uncertain and perfect information.
(c) Fuzzy information:
The optimum expected utility:
The marginal probabilities of the fuzzy information sets:
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Calculation: Fuzzy states and actions
(ii) Utility and optimum decision given uncertain and perfect information.
(c) Fuzzy information:
The marginal probabilities of the fuzzy information sets:
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Calculation: Fuzzy states and actions
(ii) Utility and optimum decision given uncertain and perfect information.
(c) Fuzzy information:
The unconditional expected utility:
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Calculation: Fuzzy states and actions
(ii) Utility and optimum decision given uncertain and perfect information.
(d) Fuzzy perfect information:
The optimum fuzzy action:

The unconditional expected utility:

The value of fuzzy perfect information is 2.7 
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Summary:
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