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Design and Analysis

of Single-Factor

Experiments: The

Analysis of Variance

CHAPTER OUTLINE

13-1

13-2

DESIGNING ENGINEERING
EXPERIMENTS

COMPLETELY RANDOMIZED
SINGLE-FACTOR EXPERIMENT

13-2.1 Example
13-2.2 Analysis of Variance

13-2.3 Multiple Comparisons Following
the ANOVA

13-2.4 Residual Analysis and Model
Checking

13-2.5 Determining Sample Size

13-3

13-4

RANDOM EFFECTS MODEL
13-3.1 Fixed Versus Random Factors

13-3.2 ANOVA and Variance
Components

RANDOMIZED COMPLETE BLOCK
DESIGN

13-4.1 Design and Statistical Analysis
13-4.2 Multiple Comparisons

13-4.3 Residual Analysis and Model
Checking
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LEARNING OBJECTIVES

After carcful study of this chapter, vou should be able to do the following:
1.

Design and conduct engineering experiments involving a single factor with an arbitrary number
\‘f lc"clﬁ

. Understand how the analysis of variance is used to analyze the data from these experiments
. Assess model adequacy with residual plots

. Use multiple comparison procedures to identify specific differences between means

. Make decisions about sample size in single-factor experiments

. Understand the difference between fixed and random factors

. Estimate variance components in an experiment involving random factors

. Understand the blocking principle and how it is used to isolate the effect of nuisance factors

. Design and conduct experiments involving the randomized complete block design

13-1 Designing Engineering Experiments

1.

Every experiment involves a sequence of activities:
L —"

Conjecture — the original hypothesis that motivates the
experiment.

Experiment — the test performed to investigate the
conjecture.

. Analysis — the statistical analysis of the data from the

experiment.

Conclusion — what has been learned about the original
conjecture from the experiment. Often the experiment will

lead to a revised conjecture, and a new experiment, and so
forth.

2/27/2024



13-2 The Completely Randomized Single-
Factor Experiment

13-2.1 An Example

A manufacturer of paper used for making grocery bags is interested in improving the tensile
strength of the product. Product engineering thinks that tensile strength is a function of the
hardwood concentration in the pulp and that the range of hardwood concentrations of practi-
cal interest is between S and 20%. A team of engineers responsible for the study decides to in-
vestigate four levels of hardwood concentration: 5%, 10%, 15%, and 20%. They decide to
make up six test specimens at each concentration level, using a pilot plant. All 24 specimens
are tested on a laboratory tensile tester, in random order. The data from this experiment are
shown in Table 13-1.

|esst
]~y

Sm 3 e
@a.c'l-ﬂlr

with

levels

13-2 The Completely Randomized Single-
Factor Experiment

as anotation
13-2.1 An Example L et
P 4i.= 29

Table 13-1 Tensile Strength of Paper (psi) /'

“\ Hardwood Observations s o /—’

Concentration (%) 1 2 3 4 5 6 Totals Averages
5 C7 8 15 1 9 10 60 9, 10.00
10 12 17 13 18 19 15 94 92. 15.67
15 14 18 19 17 16 18 102 g, 17.00 av
20 19 25 22 23 18 20 127 9y 21.17
‘) g= 383 15.96
A
vt ’; M W ab"‘ yva tiown J
“ gl\.) . I\ vow A
: S |
J=1 J /Al g smFlts-"
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13-2 The Completely Randomized Single-
Factor Experiment

13-2.1 An Example

» The levels of the factor are sometimes called

Vs ‘)‘:
treatments. T pons
| | ke
* Each treatment has six observations or replicates.
. L———) =N
* The runs are run in random order. —
u\
59 ‘/b o\ f\' ]
24 <) (

13-2 The Completely Randomized Single-
Factor Experiment

13-2.1 An Example

30

Tensile stren; gmipsyl

o . “j\:w‘,’
“‘::s N

o 5 10 15 20 MR miy B Ay Bty
Hardwood concentration (%) M P2 3 Ha

)

Figure 13-1 (a) Box plots of hardwood concentration data.
(b) Display of the model in Equation 13-1 for the completely
randomized single-factor experiment

2/27/2024
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13-2 The Completely Randomized Single-
Factor Experiment
13-2.2 The Analysis of Variance

Suppose there are a different levels of a single factor
that we wish to compare. The levels are sometimes
called

Table 13-2  Typical Data for a Single-Factor Experiment

Treatment Observations Totals Averages
1 n Y2 Via . V1
2 V21 Vn : Via . Va.
i
a Val Va = Van Va- Va-
Ve v

13-2 The Completely Randomized Single-
Factor Experiment
13-2.2 The Analysis of Variance

We may describe the observations/in Table 13-2 by the
linear statistical model:

where yj;is a random variable denoting the (ij) th observation, p

w W e g
vo po=s i Deonmea is a parameter common to all treatments called the overall
)I.l. = K + T; + Gij mean, T;is a parameter associated with the i th treatment called
- § / ~ : ] = ] 2_ sarioa il the i th treatment effect, and & is a random error component.
9.
“\’M‘l— ¢\D.“?:?,
Edit 3 .
The model could be written as
X i=1,2,...,a
Yi=w; t+ € _r
~J I e 8 Ly N
P‘x’t‘/
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13-2 The Completely Randomized Single-
Factor Experiment
13-2.2 The Analysis of Variance

R

-
Y

g e “/e\' The treatment effects are usually defined as deviations

X from the overall mean so that:

a

13-2 The Completely Randomized Single-
Factor Experiment
13-2.2 The Analysis of Variance

We wish to test the hypotheses:

Hymp=m=-=1,=0

H:7; # 0 for at least one i

The analysis of variance partitions the total variability
into two parts.
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13-2 The Completely Randomized Single-
Factor Experiment

13-2.2 The Analysis of Variance

Definition

y )
-1TT. evror Suw oy

The sum of squares Idently \ P Squewe

g ,2 (v ‘2;)2 == ,2; 7 — .\_’?)2 iy 2 ,2 (v — _T,i_)z' (13-5)

o e

or svmbolicall +reatement
: y} = Y- O of square
s SSr = SSTreatmens + SSg (13-6)
e £
e awt
xok*op s’ w?
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13-2 The Completely Randomized Single-
Factor Experiment

13-2.2 The Analysis of Variance

The expected value of the treatment sum of squares s IF\;im

F(SS Treatmens) = (@ — |)o’+n§a‘{r?

and the expected value of the error sum of squares is ~ & H s
“+rue

E(SSg) = a(n — 1)’

The ratio MS,..iments = SSTreatments’ (@ — 1) 15 called the
mean square for treatments.
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13-2 The Completely Randomized Single-
Factor Experiment

13-2.2 The Analysis of Variance

The appropriate test statistic is

. SSTremens/(@ = 1) MS troatmenss

0T U ssg/la(n—1)]  MSg

We would reject H,, if £, >
%

-\
/A/)\J/é

a,a-1,a(n-1)

13-2 The Completely Randomized Single-
Factor Experiment

13-2.2 The Analysis of Variance

Definition

The sums of squares computing formulas for the ANOVA with equal sample sizes in
each treatment are

a » 2
. Yo
SSr=2 2% N (13-8)
i=] je=I1 -
and
2 2
. 2 Yie Y
S5 Treatments = # == T (13-9)

The error sum of squares 1s obtained by subtraction as

SSg = SST — SSTreatments (13-10)
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13-2 The Completely Randomized Single-
Factor Experiment

13-2.2 The Analysis of Variance

Analysis of Variance Table

Table 13-3 The Analysis of Variance for a Single-Factor Experiment, Fixed-Effeces Model

Source of Degrees of
Variation Sum of Squares Freedom Mean Square Fy
A”STreun)mu
Treatments SStreatments a—1 'WSTn-umem T
Mg
Error SSg ain—1) MSg
Total SSr an — 1

13-2 The Completely Randomized Single-
Factor Experiment

Example 13-1

Consider the paper tensile strength experiment described in Section 13-2.1. We can use the
analysis of variance to test the hypothesis that different hardwood concentrations do not affect

the mean tensile strength of the paper.
The hypotheses are

Hymi=m=7m3=m=10

Hy:1; # 0 forat least one i .

2/27/2024



13-2 The Completely Randomized Single-
Factor Experiment

Example 13-1

We will use @ = 0.01. The sums of squares for the analysis of variance are computed from
Equations 13-8, 13-9, and 13-10 as follows:

i 4 6 . ‘:
SSp= > vi— =
i=l j=I1 \
5 g 2 (3837 S
= 7 E & — — C
=)t B tet(20) g = 1296
4 2 2
Vi. V..
55I reatments = — _
reatment ’21 ] ‘\‘
(60)> + (94)> + (102)% + (127)>  (383)

= = 382.79
6 24
SS[ = SST = ‘5.‘Sv'l'rcalmcnls

512,96 — 382.79 = 130.17

13-2 The Completely Randomized Single-
Factor Experiment

Example 13-1

The ANOVA is summarized in Table 13-4. Since fy0,320 = 4.94, we reject Hy and conclude
that hardwood concentration in the pulp significantly affects the mean strength of the paper.
We can also find a P-value for this test statistic as follows:

P = P(Fy5, > 19.60) = 3.59 X 107°
Since P = 3.59 X 107° is considerablv smaller than a = 0.01, we have strong evidence to

conclude that Hy is not true.
Table 13-4 ANOVA for the Tensile Strength Data

Source of Degrees of

Variation Sum of Squares Freedom Mean Square fo P-value
Hardwood

concentration 382.79 3 127.60 19.60 359E-6
Error 130.17 20 651

Total 51296 23

2/27/2024
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Table 13-5 Minitab A nalysis of Variance Output for Example 13-1
One-Way ANOVA: Strength versus CONC
Analysis of Variance for Strength
Source DF SS MS F 4
Cone 3 382.79 127.60 19.61 0.000
Error 20 130.17 651
Total 23 31296 Individual 95% ClIs For Mean
lj I Based on Pooled StDev
Level N Mean StDev R
- ¢ 6 10.000 2.828 —*—)
10 6 15.667 2.805 (—*—)
15 6 17.000 1.789 «—*)
20 6 21.167 2.639 (—*—)
e — 4.
Pooled StDev = 2551 10.0 15.0 20.0 250
Fisher’ pairwise comparisons
Family error rate = 0.192
Individual error rate = 0.0500
Critical value = 2.086
Intervals for (column level mean) — (row level mean)
5 10 15
10 —8.739
~2.594 Al bhw
15 —10.072 —4.406
—-3.928 1.739 2 meaus
20 —14.239 —8572 -7.239
-8.094  —2.428 —1.094 L_) 114
oty
Pop

13-2 The Completely Randomized Single-
Factor Experiment

o0 -;/
Definltl(gp,.;;_’ 3
— ¢ )

A 100(1 — a) percent confidence interval on the mean of the ith treatment p, is

MS, MS;
Vi = ’a/l.-lln-l)\ TE sSwsyt laf2.afn—1) \ TE (13-11)
Y
xron N ATy
v % N?vo"'
0F al\e . . .
(¥ A eI For 20% hardwood, the resulting confidence interval on the
O .
mean is

19.00 psi = py = 23.34 psi

Lor +reatment 1

—_—

» anf Zo = Y.~ M
ﬂ\ —jz->ﬁq\)

- pa¥o’
eshiw le\ﬂ— AA_S& 2 2 1
n

for




/go;:;”&

Randomized Single-

Definition o For
o) e u
/' (&2 -2>) ‘b
A 100(1 - «) percent confidence interval on the difference in two treatment means
i — 1S
o [2Msg o [2Msg
Lovmafa? sb € Vi =V Tlappane)\[ T =BT K=V TV ¥ ek T
9 means é{dS \h > (13-12)
For the hardwood concentration example,
—1.74 = p3 — =440
13-2 The Completely Randomized Single-
Factor Experiment
An Unbalanced Experiment
w
. >
At ot Qb The sums of squares computing formulas for the ANOVA with unequal sample sizes
& oV n; in each treatment are - Na
. a8 & = wte
e sp=3 302 (13.13)
v 5 - I-vz 2 e ;f
jem Stoaen = T et 9
¢ ,,ﬂ 5/ )l'”):. and 9"-\‘;. ’*.54 (M‘
4':’ . SSg = S57 — SSTreatments (13-15)
o N
,-;‘ \0/-
s
z \.,y’
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letely Randomized Single-
1ent
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t""""” ( pg,\ug)\;,\

— [Leo
) .é\mi/ 13-2.3 Multiple Comparlsons Followmg the NOVA
& LSD ) \e so\ocmiv ¢ 2P0 o5 s
The least significant difference (LSD) is
.. —/
o e v
wIV | 2M5 13-16
523 M LSD = taprapr1) \| (1316)
L.’\.f')\‘ ))"4 deb-fore——=—15 pyame Agreor J1
N oot el L
If the sample sizes are dlffﬁ{SnE &n‘each treatment:
v case
LSD = ta/ZN—T MSg <”l S ni)
i J
Wit (/‘
s
x &
)cwc"‘w\ s

13-2 The Completely Randomized Single-
Factor Experiment

Example 13-2

We will apply the Fisher LSD method to the hardwood concentration experiment. There are
a = 4 means, n = 6, MSg; = 6.51, and fy43520 = 2.086. The treatment means are

vi. = 10.00 psi
V. = 15.67 psi
3. = 17.00 psi
¥y = 2117 psi

| The value of LSD is LSD = #2520 V2MSg/n = 2.086V2(6.51)/6 = 3.07. Therefore, any
/ pair of treatment averages that differs by more than 3.07 implies that the corresponding pair
of treatment means are different.

13



13-2 The Completely Randomized Single-

Factor Experiment

Example 13-2

The comparisons among the observed treatment averages are as follows:

4vs. 1 =21.17 = 10.00 = [1.17 = 3.07
4vs.2 =21.17 = 15.67 = 5.50 > 3.07
4vs.3 =21.17 = 17.00 = 4.17 > 3.07

3vs. 1 =17.00 = 10.00 = 7.00 > 3.07 g
ne .
17.00 = 15.67 = 1.33 < 3.07— (uot sig™

3vs. 2
2vs. 1

Il

15.67 = 10.00 = 5.67 > 3.07

ficant)

From this analysis, we see that there are significant differences between all pairs of means
except 2 and 3. This implies that 10 and 15% hardwood concentration produce approximately
the same tensile strength and that all other concentration levels tested produce different tensile
strengths. [t is often helpful to draw a graph of the treatment means, such as in Fig. 13-2, with
the means that are not different underlined. This graph clearly reveals the results of the exper-

iment and shows that 20% hardwood produces the maximum tensile strength.

13-2 The Completely Randomized Single-

Factor Experiment

Example 13-2 L akanl 2 Lk %
215 J'ss 710 )53 03
P U d £ G G i GGkt 9

L 05T ass I5T resouces .\

5% 109% 15%  20%
1 L I b gl | 2% |
Q 5 10 15 20 25 psi

Figure 13-2  Results of Fisher’s LSD method in Example 13-2.

Figure 13-2 Results of Fisher’'s LSD method in Example 13-2

2/27/2024
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13-2 The Completely Randomized Single-
Factor Experiment
vesl -
J) 5 Value .“‘)_“u)-"" <
Jirped vag  13-2.5 Residual Analysis and Model Checking
—_—
C s actuat — Pitred
actie ) ) # Lhare 1 3 oscumplions for
Table 13-6 Residuals for the Tensile Strength Experiment
-fpr +he VESIJML :
Hardwood for ervors—,
Concentration (%) Residuals ) -ﬁa')(eo( Variauce
= « °
5 2-10€ —300  -200 500 100  —1.00 0.00 o
10 o 106" —367 .33 —267 233 333 —0.67 2‘)"}0"‘“‘3 distributed .
15 -3.00 1.00 200 000 —1.00 1.00
20 ~217 383 083 18 -317 /-117) 2) Memn For tesidunls
Hardwood Observations bl s
S\o O Concentration (%) 1 2 3. 4 4 6  Totals Averages #) la‘_,au}t e €
b9 5 7 8§ 15 1l 9 10 60 10.00 loel Ji avq Il o
10 12 17 13 18 19 15 %4 15.67 a0 sh vesidrats Jb
15 14+, 18 19 17 16 18 102 17.00
20 oy 25 22 23 18 20 127 21.17 _Jiw =asysne oy OWJU
383 1596 |

=

13-2 The Completely Randomized Single-
Factor Experiment

13-2.5 Residual Analysis and Model Checking

n

—

Figure 13-4 Normal

ol
xo << ¢ | probability plot of i "
wwat S ion | residuals from the § !
o\ls"'"e_ hardwood concentration 1
swef experiment.
-4 -2 4] 2 4 (3

Residual value

15



13-2 The Completely Randomized Single-
Factor Experiment
13-2.5 Residual Analysis and Model Checking
) P
4 _ 9’))
A
2>
2
Figure 13-5 Plot of 3
residuals versus factor L
levels (hardwood i il e o
concentration). i
vgsio‘“"“” e g
13-2 The Completely Randomized Single-
Factor Experiment
13-2.5 Residual Analysis and Model Checking
4
Figure 136 Plotof . factdl
residuals versus 7, 2 -~ 3
®O0 . i [ 5 L
?} 10.0 15.0 200 25.0
2
-4
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13-3 The Random-Effects/Model

13-3.1 Fixed versus Random Faftors

[n many situations, the factor of interest has A large number of possible levels. The analyst is
interested in drawing conclusions about the ghtire population of factor levels. If the experimenter
randomly selects a of these levels from thgpopulation of factor levels, we say that the factor is a
candom factor. Because the levels of thgffactor actually used in the experiment were chosen ran-
dqmly, the conclusions reached will i valid for the entire population of factor levels. We will
asst\ne that the population of factorfevels is either of infinite size or is large enough to be con-

Where each term on the right hand§ide is called a
variance component.

2/27/2024
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13-3 The Random-Effects Model

13-3.2 ANOVA and Variance Components

For a random-effects model, the appropriate
hypotheses to test are:

Hy o2 =0
Hy:o2>0

The XNOVA decomposition of total varia
still vayd:

SS7 = SStreatments T SJ

and the expected mean square for error is

o SSg
E(MSg) = E [‘,(,, - 1)]

2
= g

(13-21)

(13-22)

2/27/2024
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13-3 The Random-Effects Model

13-3.2 ANOVA and Variance Components

The estimators of the variance components are
\

&% = MSg (13-24)

3 MStroumas — MSg
B T

13-3 The Randjm-Effects Model

Example 13-4

In Design and Analysis o
scribes a single-factor gk
ufacturing companygfeaves a fabric on a
in loom-to-loom yffriability in tensile streng
engineer selectgflour looms at random and m:
random from each loom. The da
in Table 13-8.

xperiments§Oth edition (John Wiley, 2001), D. C. Montgomery de-
periment involWg the random-effects model in which a textile man-
arge number of looms. The company is interested
. To investigate this variability, a manufacturing
es four strength determinations on fabric sam-
ples chosen ¢ are shown in Table 13-7 and the ANOVA is
summarizg

Table Strength Data for Example 13-4
Observations

foom 1 2 3 4 Total Average Table 13-8  Analysis of \griance for the Strength Data

1 98 97 99 96 390 97.5 Source of  Sum of eesof  Mean

2 91 90 93 92 366 915 Variation ~ Squares  FreWom  Square fo P-value
3 9 95 97 95 383 958 Looms 89.19 3 29.73 1568 |1.88E-4
4 95 96 99 98 388 97.0 Error 22,75 12 1.90

1527 95.45 Total 111.94 15

2/27/2024
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13-3 The Random-Effects Model

Example 13-4

From the analvsis of variance, we conclude that the looms in the plant diffi

in their ability to produce fabric of uniform strength. The variance componen
5

by 6= = 1.90 and

[ significantly
S are estimated

,  29.73 —1.90
67 =——F—— =696

>, the variance of strength in the manufacturing process is gftimated by

Therefo

N

NYy) =67 +67 =696+ 1.90 = 8.3

-t

Most of this varNpility is attributable to differences betweegflooms.

13-3 The Rand ffects Model

a0 a5 100 105 110 psi
LSL

80 a5 100 105 110 psi

(a)

Figure 13-8 The distribution of fabric strength. (a) Current
process, (b) improved process.

20
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13-4 Randomized Complete Block Designs

=

13-4.1 Design and Statistical Analyses

The randomized block design is an extension of the

paired t-test to situations where the factor of interest has
more than two levels.

Block 2 Block 3 Block 4
f 31 f f
t t t t
pe 2 2 2 2 2
es| % I3 f3 fs

Figure 13-9 Arandomized complete block design.

13-4 Randomized Complete Block Designs

13-4.1 Design and Statistical Analyses

For example, consider the situation of Example 10-9,
where two different methods were used to predict the

shear strength of steel plate girders. Say we use four
girders as the experimental units.

Table 13-9 A Randomized Complete Block Design

Treatments Block (Girder)

(Method) 1 \ 2 3 -+
1

Y 2 m V4
Y 22 n Y

p
3 Y1 a2 I Va4

2/27/2024
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13-4 Randomized Complete Block Designs

13-4.1 Design and Statistical Analyses

General procedure for a randomized complete block

design:
Table 13-10 A Randomized Complete Block Design with a Tre"muems and b Blo»\ks
Blocks }f /,-w:ah“‘ ? / /v
Treatments 1 2 Totals 49y Averages
1 i iz Via w3 N Sy
2 i y2 vua Vb Va. Va.
," (AI };‘1 _l';z esa _\‘;ﬁ _l'.l;, Ta
N Totals ) Vi1 Va2 Vb Y.
&Oﬁ,:w A\er”u.ez?t‘ f) Vi Va Vb J‘ L V.. ":5 ov
,_‘:,)-\,’) ‘\‘ ZW" dﬂéﬂ Calac.lod'd
13-4 Randomized Complete Block Designs
13-4.1 Design and Statistical Analyses
The appropriate linear statistical model:
B = §20wnd
Vy=p+t7+Bte; = 1.2 b
N+ s
We assume V¢ @
« treatments and blocks are initially fixed effects
* blocks do not interact
b MDV4 *’ﬂbk'_% * S;I 1T = 0 dlld ~ij=1 B/ =0
Sowvee ’ | Dol |ms =
a-l Eitpee 4 vent
+f“d: b-\ 25 .—n:ﬁr %—
B”CK (a-1b-1) | 35€/dod Ms block/m%
ot ” e_vﬂw' , o b '

2/27/2024
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13-4 Randomized Complete Block Designs

13-4.1 Design and Statistical Analyses

We are interested in testing:
HUI'T| =Ty = =0, = 0

H:7; # 0 at least one i

The sum of squares Identity for the randomized complete block design is

a b a b »—9.\-\:0!‘*

S y-FR =63 G —FR +a Gy~ 5

i=] j=1 V i=1 : i=1

o« pk + 33 (v — ¥ — 7 +3.)° (13-27)
i=] j=1

or svmbolically

SSr = SStreaments + SSBlocks + SSg

13-4 Randomized Complete Block Designs

13-4.1 Design and Statistical Analyses

The mean squares are:

' SO rrsatiasni
"”‘S’I'rcuuncnls = %
SS[ 3locks
h—1
SSg

(a—1)b—-1)

MSpiocks

MS | I

2/27/2024
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13-4 Randomized Complete Block Designs

13-4.1 Design and Statistical Analyses

The expected values of these mean squares are:

b }; 7
E(MSTregtments) = o’ + (1.-— |

b
a ZBJ:

=1

D=1

E(-‘”SBI-Jcks) = 0'2 i

E(MSp) = o*

13-4 Randomized Complete Block Designs

13-4.1 Design and Statistical Analyses

Definition
The computing formulas for the sums of squares in the analysis of vaniance for a ran-
domized complete block design are
a b 2 \))i:)
SSp = g -= VS (1329
r ;2‘1 Vi~ Q=7 (13-29)
9 $\S
L= e o - o A
SS Treamens = 7 2 T (13-30)
\» 2 & 2
> . 2 _J
2 W SSheas =T 2 ¥ — = (13-31)
o”’;’" TE el *‘ﬂf
and ”D ~ varioabili Y
SSg = SST — SSTreaments — SSBlocks (13-32)

2/27/2024
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13-4 Randomized Complete Block Designs

13-4.1 Design and Statistical Analyses

Table 13-11 ANOVA for a Randomized Complete Block Design

Source of Degrees of
Variation Sum of Squares Freedom Mean Square Fy
Treatments SSTreatments a-1 SSrestments MSTratments
a—1 MS;
L— SShiec
4 Blocks SSaeks h—1 bL‘;‘
Er SS; (by subtraction) ( b —=1) s
ror  subtraction a — - —_—
£ (D SUBractio a=1x @-1nG-1
Total SSr ab — 1

13-4 Randomized Complete Block Designs

Example 13-5

An experiment was performed to determine the effect of four different chemicals on the
strength of a fabric. These chemicals are used as part of the permanent press finishing
process. Five fabric samples were selected, and a randomized complete block design
was run by testing each chemical type once in random order on each fabric sample. The
data are shown in Table 13-12. We will test for differences in means using an ANOVA with
a = 0.01.

Table 13-12  Fabric Strength Data—Randomized Complete Block Design

Treatment Treatment
Fabric Sample Totals Averages
Chemical Type 1 2 3 4 5 Y ¥
1 1.3 1.6 0.5 1.2 1.1 5.7 114
2 22 24 0.4 2.0 1.8 88 L.76
3 1.8 L7 0.6 1.5 1.3 6.9 1.38
4 39 44 2.0 4.1 34 17.8 3.56
Block totals y., 9.2 10.1 35 88 7.6 39.2(y..)
Block a\'emge-sfj 230 2.53 0.88 220 1.90 1.96(v..)

2/27/2024
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13-4 Randomized Complete Block Designs

Example 13-5

The sums of squares for the analvsis of variance are computed as follows:

"

g DI
SSy = ;Y P e—
- Z = YT ab
. (39.2)? i
= (1.3 + (L.6) + + (3.4) 30 = 25.69
W _aR
29Treatments — ; h ab
(5.7 + (8.8)2 + (6.9) + (17.8% (39.2)
_ EIHEIP GRS (R

13-4 Randomized Complete Block Designs

Example 13-5

2 )

S5 _ Vi Y-
2IBlocks = a i
(9.2) + (10.1) + (3.5 + (887 + (7.6 (39.2)

- 4 0 2

S‘S.E = SST - S'S.Blovks - ‘S.'S.‘I‘rcalmcms
=25.69 — 6.69 — 18.04 = 0.96

The ANOVA is summarized in Table 13-13. Since fy = 75.13 > fy 0132 = 5.95 (the P-value
is 4.79 X 107%), we conclude that there is a significant difference in the chemical types so far
as their effect on strength is concerned.

2/27/2024
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13-4 Randomized Complete Block Designs

Example 13-5

Table 13-13  Analysis of Variance for the Randomized Complete Block Experiment 5 \;
Source of Degrees of -
Variation Sum of Squares Freedom Mean Square 5 P-value
Chemical types \

(treatments) 18.04 3 6.017 75.13  4T9ES8

Fabric samples 7]

(blocks) 6.69 4 1.67 ‘:/ & Yo
Error 0.96 12 w8 g Py
Total 25.69 19 = . ‘.;3(‘
7’ ) .

‘Gl

13-4 Randomized Complete Block Designs

Minitab Output for Example 13-5

Table 13-14 Minitab Analysis of Variance for the Randomized Complete

Factor Type Levels Values
Chemical fixed 4 1 2 3 4
Fabric S fixed 5 1 2 3 4 5
Analysis of Variance for strength
Source DF SS MS F P
w w‘tk‘ Chemical 3 18.0440 6.0147 75.89 0.000
xftﬂ" & Fabric S 4 6.6930 1.6733 2111 0.000
9,0\’- Error 12 09510 00792
Total 19 25.6880

Block Design in Example 13-5

Analysis of Variance (Balanced Designs)

F-test with denominator: Error
Denominator MS = 0.079250 with 12 degrees of freedom

Numerator DF MS F P
Chemical 3 6.015 75.89 0.000
Fabric S 4 1.673 21.11 0.000

< %\:4

. \“
%c’)%\.& \(‘?'

2/27/2024
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13-4 Ran\(i){nized Complete Block Desi

13-4.2 Multiple Co

Fisher’s Least SignificatNDifferengg#or Example 13-5

Figure 13-10 Results of Fisher’'s LSD meth

13-4 Randomized Complete Block Designs

13-4.3 Residual Analysis and Model Checking

Figure 13-11
probability plot of
residuals from the
randomized complete
block design.

2/27/2024
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13-4 Ral}d{)mized Complete Block Designs /

Figure 13-12 Residuals by treatment.

13-4 Randomized Complete Block Designs

n
wl

Figure 13-13 Residuals by block.
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13-4 Randomized Complete Block Designs

Figure 13-14 Residual

ersus V;.

IMPORTANT TERMS AND CONCEPTS

Analysis of variance
(ANOVA)

Blocking

Complete by randomized
experiment

Expected mean squares

Fisher's least significant
difference (LSD)
method

Fixed factor

Graphical comparison
of means

Levels of a factor
Mean square

Multiple comparisons

Nuisance factors

Random factor

Randomization

Randomized complete
block design

Residual analysis and
model adequacy
checking

Sample size and
replication in an
experiment

Treatment effect

Variance component
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Design of
Experiments




Suppose that we wish to study the factors that
affect the surface roughness produced by a
polishing operation.

Three factors are considered relevant:
Speed of the grinding wheel
Feed or speed of lateral movement and
Roughness of the grinding wheel



Each factor has several levels

Speed: 50 — 100 — 200 RPM
Feed: 0.1 — 0.2 —-0.4 - 0.5 mm/sec
Roughness: soft — medium — hard



Speed Feed Roughness|Speed Feed Roughness|Speed Feed Roughness

50 0.1 soft 100 0.1 soft 200 0.1 soft
50 0.1 medium | 100 0.1 medium | 200 0.1 medium
50 0.1 hard | 100 0.1 hard |200 0.1  hard
50 0.2 soft 100 0.2 soft 200 0.2 soft
50 0.2 medium | 100 0.2 medium | 200 0.2 medium
50 0.2 hard |100 0.2 hard |200 0.2 hard
50 0.4  soft 100 0.4 soft |200 04 soft
50 04 medum | 100 0.4 medium | 200 0.4 medium
50 04 hard | 100 04 hard |200 04  hard
50 0.5 soft 100 0.5 soft |200 0.5 soft
50 0.5 medium | 100 0.5 medium | 200 0.5 medium
50 05 hard | 100 0.5 hard |200 0.5 hard




Factorial Experiments

By a factorial experiment we mean that in each complete trial or replicate of the
experiment all possible combinations of the levels of the factors are investigated.

& How $2 cale fhe uum b—ﬁ yuns w
an exp&uwt?

,\_;?DW

(factov)

( LweL)



Case of two levels

Speed Feed Roughness

50 0.1 soft
50 0.1 hard
50 0.5 soft
50 0.5 hard
400 0.1 soft
400 0.1 hard
400 0.5 soft

400 0.5 hard



Case of two factors

Speed
50 100 200
soft | 10,8,11 12,8,16 20,22,14

medium | 14,19,18 20,17,16 20,16,15
hard |12,16,20 19,20,15 22,23,18
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Factorial Experiment with Two Factors

Factor B
Factor A B, By
—
Aw 10 52 20
Ahigh 30 40
40
s 30
©
= 20 &
% 550 [
o 10 0 | e
0
5@"/
o N Aon
M

§

40

30
Y 25
20

—
o

Factor A

Ahigh
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Factorial Experiment with Two Factors

Factor B
Factor A B, By
A 10 20
Ah1 30 O ] T L7 e
gh
| /40 ) Interaction.
7"909\) it
PP 5§ 30 B
?,0) % 99 ® ~low
e 20 @
% \o ? 20
S 10 @
0 X ® Bpigh
.\“)(f)’
Alow Ahigh

Factor A 7
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Data Arrangement for a Two-Factor Factorial Design

am &
L"s?u, Factor B

] 2 b Total Ave
1 Yuns Yuz Yoo Yio Yib1> Yib2o y, y, /bn
- Viin «.Yiom --+Y1bn
=y
2 o YanYar YoeYar  YmeYar o,
S -Youn o .Yoon -+-Y2bn
>
0;;{”#:21 Yai1> Ya12o  Ya21> Ya22o Yabl> Yab2> Y3 Y3 /bn
fo X - Yaln . Yoon c - Yabn R
Total Yi Ya. Yb.

Ave y.1/an Yo, lan Yy, /an
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Two-factor factorial experiments

The observations may be described by the linear
statistical model:

0\)‘\ ? \“b\)"‘3
~
(i=12.....a
e 2 Y = U+, + 0, +(T,B)U+gyk<j:1,2,...,b
D / k=12,..n
Lol k=12,...
‘é"‘ P \;’ s /C%) pae Jé\o‘/‘s
2t y& o -
) 1B i p >
o :
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Statistical Analysis of the Fixed-Effects Model

(S

aa s OB

()

o b2

s,

SR 4
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The hypotheses that will be tested

1. H,
//|:
2. H,
//l:
3. H,
Ill:

-~ @
Ty =T =-r=1,=0 (no main etfect of factor 4)
at least one 1; # ()
v B =B==0B,=0 (no main etfect of factor B)
at least one 3; # 0
(B =E@B)="""=@B)p =0 (no interaction)

at least one (13); # 0

13



The Sum of Squares ldentity

The ss Lor 2-Jactor ANOVA s

a b n - a
> > O = TP = bn 3 (B = 7.
i=| j=I| k=l 2\ i
& +<mz(_\_‘,—l_ )"
=i
a b
+Nz E(\-’l_‘-’ _T,+T)-
i=l j=I '
S\ !
— \ a b n -
’o/ﬂ,/)w + 2 2 2 ik = Fg)’
/OJ}.»D i=l j=1 k=l
 —
N 14



Computing formulas for the sum of squares

7—7%”0;\
fc),j\“)\ SS Zz 1Z] lZak,.vlylji Clb&d;\’-ﬁ»\‘
e y ey T

SS — =1t ..
i\h‘;”’} § abn
Zb Py
SSB _ j=1y'j° . Y.
an abn
2
Zz 12, 1le _SS — 59,

SS, = SST ~SS,—SS, - SSAB
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l The ANOVA Table

Sum of Deerees of

Source of g
Freedom

Mean Square

Variation Squares
A treatments  SS @= 1
B treatments 5SS, h—1

Interaction SSg (@a—1)b—-1)
Error SSi ab(n — 1)
Total SSy abn — |

| AR MS,
SS MS

.\/.\_'3 — 2 '—B

/) — ] ‘I\}:

o = SSyn MS 4p

S @= 1) -1) MSg
S8
VIS = -

£ (l/?()l _— |)
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The tests of hypotheses

- MS
To test Hy: T, = 0 use the ratio Fo = 37 ; 2
MSg
To test H: 3; = 0 use the ratio s Mo
> MSg

To test Hy: (tB);; = 0 use the ratio il = ""i_’”
M5

17



Aircraft primer paints are applied to aluminum surfaces by
two methods: dipping and spraying. The purpose of the primer
1s to improve paint adhesion, and some parts can be primed
using either application method. The process engineering
group responsible for this operation is interested in learning
whether three different primers differ in their adhesion proper-

ties. A factorial experiment was performed to investigate the
effect of paint primer type and application method on paint ad-
hesion. For each combination of primer type and application
method, three specimens were painted, then a finish paint was
applied, and the adhesion force was measured. The data from
the experiment are shown in Table 14-5. The circled numbers

in the cells are the cell totals y;,.. The sums of squares required
to perform the ANOVA are computed as follows:



e Aluminum surfaces of planes are coated with
primer then paint.

* We are interested in the adhesion strength of the
paint.

It is suspected that the type of primer used and the
method of applying 1t affect the adhesion strength.

* There are three types of primers and two methods
of application; dipping and spraying.

* The factorial experiment: try all combinations of
primer type and application method.

* Three replicates of each combination are made.

What is the total number of trials or specimens? )



Primer Type Dipping o> Spraying Vie-
= W Z

SE —— &,

| 2.0,4.5,4. 4,49,5.6 287 o
287

3 3.8,3.7, 4.0 5.5,5.0,5.0 27.0

] [ .

iaa%’bv A <
(s 24ypes — =3

2 Wlf:HAOO(-S —> b=2
3 replicates —>n=3

i
N

|
1
®)
:l_
O
v




SS;

S

SS

methods

a l) n ’,'
B Z = Z e uhn
9 Y N ((\'()_(\")3 )
= (4.0)°+ (4.5)" +--- + (3.0)° — L =10.72
- “~ bn abn
(28.7)2 + (34.1)% + (27.0*  (89.8))
N | | =i — = 4.58
3 = OV « 6 18
- —
Z" b 2 5 \—’9)‘»
vai. 2
- P e
(40.2)* + (49.6)°  (89.8)°
= — - — =491
) 18

20

&7 202



2 )
a b \;} e
SSinteraction = 2 2 n / o -S'St}.pcs — SSmethods
o= abn

2
o x . 3

+ (159)% + (11.58 + (15.9) + (18.2)% + (15.5)>

~

J—> N

)

(808
‘ ) — 458 — 491 =0.24

18 — —

T

and 5% P\ 5%

My

S T

. t_\’pCS

— S5

interaction

= 10.72 =458 — 491 — 0.24 = 0.99

methods
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Source of Sum of Degrees of  Mean
Variation Squares Freedom  Square  fg l’-\f'aluga \65’0 o
_ Primer types 4.58 2 229 28.63 2.7 X E-5~ gyutee
/&M,t/ Application methods ~ 4.91 l 491 6138 5.0 X E-7
#°“® __ Interaction 0.24 2 0.12  1.50 02621
A Error 0.99 2 (.08 },‘,\/ 32\‘-)>
Total 10.72 7 ?(oLj\?p“-‘,f 0% ) e
4o
W%ﬁw
>0

Conclusions ?

22



/.0

&
/ Spraying o
] ) - wo \0/{3;3
| Py
/ Dipping v
@

9 ¥ ,\,,,\ :”’ Prlmer type

sd d\»/’

Graph of average adhesion force versus primer types for

both application methods.
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Model Adequacy Checking

A

'u’/ — mw\: ’

Residual: e, =y, -y,

el

R{L" Application Method
$ z . . . -
Primer Type 7 Dipping Spraying
/“'
| oV —0.27,  0.23, 0.03 0.10. —0.40. 0.30
2 0.30, —0.40, 0.10 —-0.27. 0.03, 0.23
3 —0.03, —0.13, 0.17 0.33, —0.17, —0.17

24



Normal probability plot of the residual

2.0 -
&
1.0 .
@
@ Vel
:
2
J 0.0 o
b
2
oy
10 ’
@
&
20
-05 -03  -01  +0.1  +0.3

eijk, residual
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€ijk

+0.5

[} & ?
2 o
| | .
3 &
5 5
0 : 7 ' > . Primer type

7 .’.
& &
|
&3 B

-0.5

Plot of residuals versus primer type

26



+0.5

€ijk

-0.5

Application method

O
w

Plot of residuals versus application method.
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+0.5

@ @
®
£’Uk HaE
0 2 . Vijh
e 4 5 6
» e®
@ @
By
-0.5

Plot of residuals versus predicted values.
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General Factorial Experiments

g oot
/ ok el fi:1,2,...,a
gt 1 j=12,..,b
Yl} =pu+T,+ 0,4y, +(@0); + (@) +(BY) o +(@Y) i + €y F=12. ¢
o T Loy
W
& ) [=12,.,n

et
—~ Qg5 *9
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Analysis of Variance Table for the Three-Factor Fixed Effects Model

Source of  Sum of Degrees of Expected
Variation  Squares Freedom Mean Square Mean Squares Fy
,  benZT] MS,4
A SS, ai—+] MS, (S oy
. ’ a — l "“I.SE
, acn 2[3]2 MSp
S b — “ —
B SS'B 2 | Vi S[; g + - | 7 "[SE
abn Zvyi MSe
SS  — MS,. 2 —
C c ¢ | /AYe ot s WS,
cnX 2(73),3, MS g
AB S 1 — )b —1 MS, o° + -
AB (c X ) AR (@a— 1)b—1) MSg
bn=3(1y)3 MS
f‘ (‘ .g.g"r ((7 - ])(( - l) J""IAS"‘tf’ 02 (T‘Y)Ik “‘1(‘
(@a—1)}c—1) MSg
an E E(B‘Y)ﬁ( ""ISBC
BC SSpe bi—dlie=1 MSpe o+
b (b - 1)c— 1) g =TT T
n EEE(TBY)ik *'WSABC
ABC  SSpe  (@a—1)pB—1)c—1 MS, 4
ABC (a )b ) ) ABC a @— )b )c—1) MSg
Error SSg abe(n — 1) MSg a’
Total SSr aben — 1
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EXAMPLE 14-2 Surface Roughness

A mechanical engineer is studying the surface roughness of a
part produced in a metal-cutting operation. Three factors, feed
rate (A), depth of cut (B), and tool angle (C), are of interest.
All three factors have been assigned two levels, and two
replicates of a factonal design are run. The coded data are
shown i Table 14-10.



Example 14-2

We think the surface roughness produced in metal cutting
operations depends on three factors of interest;

feed rate, A, depth of cut, B and tool angle, C
All factors are replicated 2 times for the full design.

it L —>8 runs
Depth of cut (B)
0.025” 0.040”
Feed Rate (A
ced Rate (A) = Angle (C) | Tool Angle (C)
150 250 15¢° 25°

20” /min

9
7

11
10

9
11

10
8

30” /min

10
12

10
13

12
15

16
14
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Example 14-2

Depth of cut (B)
0.025” 0.040”
Tool Angle (C) | Tool Angle (C)

Feed Rate (A)

15° 250 15° 250
L 9 T 9 IO
20” /min - {0 0 2
v - 10 10 12 16
307 /min 12 13 15 14

For computing SS;...4

Guess SSp,,

32



Example 14-2

Depth of cut (B)
0.025” 0.040”
Tool Angle (C) | Tool Angle (C)

Feed Rate (A)

15¢ 25° 15¢ 25¢

Lo 9 1 9 1
20 /min . 10 i 9
L 10 10 12 16
307 /min 12 13 15 14

For computing SSpepth

Guess SS

Angle

33



Example 14-2

Depth of cut (B)
0.025” 0.040”
Tool Angle (C) | Tool Angle (C)

Feed Rate (A)

15° 250 15° 250

Lo 9 11 9 10
20” /min . 10 i 9
L 10 10 12 16
307 /min 12 13 15 14

For computing SS, ;.

Guess SSFeed x Depth
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Example 14-2

Depth of cut (B)
0.025” 0.040”
Tool Angle (C) | Tool Angle (C)

Feed Rate (A)

15° 250 15° 250
Lo 9 1 9 10
20 /min 7 10 1] g
. 10 | 10| 12 | 16 |
%9 1 I !
307 /min 12 Loz us |14

For ComPUtlng SSFeed x Depth

Guess SSFeed x Angle
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Example 14-2

Depth of cut (B)
0.025” 0.040”
Tool Angle (C) | Tool Angle (C)

Feed Rate (A)

15° | 25° | 15° | 25
20” /min 7 10 11 8

o ol [ e |
. I I T I Bl B R
30” /min Co12l a3t | or1s | a4l

For ComPUtlng SSFeed x Angle

Guess SSDepth x Angle
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Example 14-2

Depth of cut (B)
0.025” 0.040”
Tool Angle (C) | Tool Angle (C)

Feed Rate (A)

150 | 25° 15° 25°

o 9 1 9 1| it0
207 /min 7 10 iml| s
L 10 10 12 1 16 !
30” /min 12 13 15 il4 :

For computing SSp i « Angle

Guess SSFeed x Depth x Angle

37



Example 14-2

Depth of cut (B)

0.025” 0.040”
Tool Angle (C) | Tool Angle (C)
15° 25° 15° 25°
9 11 9 10
7 10 | lg!

12y | ‘16
29 : | . | .
30” /min '\ 5/,' 14/

FOI' ComPUtlng SSFeed x Depth x Angle
Guess SS;

Feed Rate (A)

20” /min

38



Example 14-2

Depth of cut (B)
0.025” 0.040”
Tool Angle (C) | Tool Angle (C)

Feed Rate (A)

15° 250 15° 250

Lo 9 1 9 10
20” /min . 10 i 9
L 10 10 12 16
307 /min 12 13 15 14

For computing SS
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Minitab ANOVA

ANOVA (Balanced Designs)

Factor Tvpe
Feed fixed
Depth fixed
Angle fixed

Values
20
0.025
15

G
-~
)
7

o o

Analysis of Variance for Roughness

Source

Feed

Depth

Angle

Feed*Depth
Feed*Angle
Depth*Angle
Feed*Depth* Angle
Error

Total

DF SS
| 45.563
| 10.563
| 3.063
| 7.563
| 0.062
| 1.563
| 5.062
8 19.500
5

I 92.938

30
0.040
25

MS
45.563
10.563
3.063
7.563
0.062
1.563
5.062
2.437

F
I18.69
4.33
1.26
3.10
0.03
0.64
2.08

P
0.003
0.071
0.295
0.116
0.877
0.446
0.188

Conclusions ?
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lem. The F-ratios for all three main effects and the interac-
tions are formed by dividing the mean square for the effect of
interest by the error mean square. Since the experimenter has
selected a = 0.05, the critical value for each of these
F-ratios is foos,5s = 5.32. Alternately, we could use the P-
value approach. The P-values for all the test statistics are
shown in the last column of Table 14-11. Inspection of these

Most likely, both feed rate and depth of cut are important
process variables.

Practical Interpretation: Further experiments might study
the important factors in more detail to improve the surface
roughness.

P-values is revealing. There is a strong main effect of feed
rate, since the F-ratid s well into the critical region. However,
there is some indication of an effect due to the depth of cut,
since P =0.0710 is not much greater than a = 0.05. The next

largest effect is the 4B or feed rate X depth of cut interaction.
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