


D. E : deffrential equationequation containing derivative Solvei-

we take O . D . E with is the same D y= y cosa

Ordinary
= ycody

·Classitation : - SIII - zy
=

= - (x+ 1sin(x) x general
solution

1) Order - the highest derivative. lineara linear
-
-

2) ex
+2ydx

= eY -

X dy C - C = C

examples : -

e e " dx =
Yet dy CX

- t = C

O
I- y+ 2xy = eY order = S

Ser"dx = Jes dy
General

= 1) 415
.
201

solution.

2. (j)x = 1 order =1 (j) < y te=
23 + c

3 - x(x + (y +1)dy =0 order = 1
ex= 22 + c

X = 0Y/

2) Lineary i

le , 5
, i a

3)- condition
derivative y J1 Untile

Edy = X sinx d
Problem

y' , y" , y "z should be linear
Sl + +dy = Jxsinxdx

-

Xsin, x
examples in and not multiplied by eachothe y + h(y) = - Xco3X + Sinx +c

· -sinxPracticular

I- y" + 2xy = e

X 3rdorder Linear "

↳
⑪

solution

I

Y
/

2- Y + 2x y= e 28 order
,
non-linear

y +h(y) = - x(xX + sinx + /=

3 - y + y= 1 gra order , non-linear

Question :- Is y(H = 2 et
-

est

solution of y"-dy = o

- St

y =
be+ 3e =O

- 37

y" =
18 et-ge

= 0

18 et
- get - 9((t-est = 0

18ex/-gey= -18bet = 0 yes

3) seprable

C

non-sep

ex : fix =

y

S
3) (x+y)dx = ydy

↑
Sodx

1) xydx = ( +1) dy

4)xdx = dy

2) (xy + x)dx = zydy dy = (x +1) (1+ yz)dX

X(y +1)dx = zydy ↓
z

= X +1dX
1 + y

xdx

=



·

Frstorder Linear Eggs eSeptable 11s linear S1

-
Solve: -

2) y + 4x] = Tixys -...
+ 3= y + P(x)y = f(x)

2-Pdx
-M

divide by X multiply a by <Ax+
2

(+ x7)2y + 4x(1+x)y=x2

+ S($+ xy2 . 3) =J Tax

2)
SPMdxSdxShe l = ta

-

3) multiply by x2e > Xy + 3 x
y = sinx Y+ P(Xy =f ze functione

& simplification S
,

xj + 3x-
y = sinx A

X
+ P(y)X = f(y) ze function

+

Integrating factor . y = leftsides,
G ·

I
((x3 -Y)=Gsinx

x
y = - COSX +c Ge general solution

-

3)-so , canpa classified as-

E -I linear⑭ lux

·
s linear in X

& = 4y-

x +z - x =MyLinear in X

x + P(y) - X = f(y)
-

Spieldy eldyC

X.y+ 2y -x = uy

((y2 . x =(4yz

y2 . x = y4 +



y + 2xy =ey
First Order Linear in 50 2a - 1

= 0 find all values

y + P(X)y = f(x) 8
2a - 1 = 1 of a that this

E ~linug
or :Bernoulli

+Pay-fa -you stil ·wosage
-

D + 0
: 1 - not linear

linear linear and seprate orafne e

a=2
-> y' + 2xy = e

* ga- 2a- 2= 1

Z2= 0

Bernalli D .

E ↓ y + P()y = f(x)y,no,

ya = ((x))m
n- 1

Let u = ym) Then&+ P(xy = f(x) - y& (Y()" = ny( - j(x)I
Sl n + 0

,
1! =/

&Wher Sides Soyn Pu
=Dnot s

8
-

-
1)

x y + 2xy =y
let u = y

- V
= y(x)

Deff w . r. t .
X :

To
3 +

33=
N

P(X) f(x) Y

i =j u = y- 3) them

=

y
-

2 E
&

multiply a by 1-m) you N + ( - n) p(r)n = ( - n) f() linear ind

i +
-2n=

(1 - n) y y + (-u)y - P(x)y = I-n)yW. f) you i -

yn ==

(l- m) ymy + (-m)f(x)yy - m)
= (i-m) fex dx(xj" = =

-
i multiply I by

↑- n=
~ +- m)P()w- linear in

u=I

P(x)

·JK



2) y +
x

y =
eX sinkx 3) -3yz

60935190 : 8
-

y +
x

y = He
*

sinha) - yefr = (2x linear S 1on
benouchi

3 in X

let u= y (- n) = 3 -

M= X-w

- -

Xthem = - 3x
-

this is not Bernoulling
&

u + (- n) P(x)u = ( -n) f(x) - X + y . X = y . x balliin x

-x3
2=(1-n)

n + 3x u = 2 sinkx --- Creduction let u = X them
3

e
JP(xdxSaxdx eY reduceit u +(1-n) P()u = (1- u) f(y) Sleeu)

= C - Cmultiply#D by eX3 =S. n + Cy . u = zy ... 932 u
y2

Xu + 3x u = sinkx Sp(y) .dy e32x+ c

yu

C

Se
*

.
u) = Ssinhx multiply by 2 :Xu = coshx + c 232u + 23

. 2y . u =2e3 y ye
C

y2x
y = cosha + ->6

z = e
e

Os

e

Or solve StJs/

-proble
Y (1- x2) dy = xdx

t defin dei
- 3 z(

&

5

+ y = = (u)1 - xz + c

choises Jo
- y = h(1- x2) + C

I

-

-
* -

~



#HomogenousDE.si
T 2 ; 8

ja

xy' degree /1 j

y = f(z)) 12) insist .
-> ex = +(2) = (2) -

2) + S ex

f = 2x- 33= : =&
xy + xi

=
- +

- wish is homogeneus :- y = nhy - hy + 5

1) y= not homogenous what is that this

is homogeneups

2) j = 1 + evey = 1 +
e- homogenes.

3) j = 2hy - hx+ - j = h +

ori
= hy+1 homo

= 2h() + 1

Homogen cousi-

· Solve :
2

xi + n = u + u2 + 1

y' f(z) 1) =Xy X =

x3
to solve n = 3-y= ux

(x10:

8% 51 j = 3 + () + 1 .... ↑ (a =(ax
seprabale :# fai w = h(x) + c

= Xyyextn
y

= x +an(b(x) +c)
tai

= = b(x) + c

x2

Mo ]
I

so its* seprable
xi + u =t

I
hell -zu - 42) = - 2hx + c

2) k+y)dy = (x-3)dx = ↓(1 -

2) - (T=22M

I
= 1

...

h ( .... 1 + h)... ic

=... b(1 - zu - uz)X - C

↓Je h(x- 2ux - u2x) =
ce=

u = (2)y = uxy y =Xi + 4
X - 24 - OV, 2(1 -n-nz)

= cS



3) = (hy-hx How To E
f(*)

· y = f(ax + by+c)
-

j =((h*y + 1)] Homogeneous exi

=>fira
xi + u = u(hu + 1) :

i Any= Rxty- = 2x-

u ?? -> homo rig
2x + y= E)2My - 1x-

+ 1) 2x3
h n= f(2x +y)s (x+y + ee + c

& f(ax + by + 0)

& = Leby-hx + ) not Homo y = f(ax+ by + c j= x
+

+ 2xy +y-S

↳
(2 + 1 & (u= ax + by +c) j= (x +y)z =

5

-gas

Solve : *
-

↳?, 39(x+y + 2

g
Tu = X + y +2 f = 2x -y +5

I 2x3 = 6

i = 1 + y = j= i -1 2y-4x +108
- =

I

i -X = u x sep f=0 Eyesx900s= v

- L
2

= x + c asisY Nige

Jits du = Sidx u2 = - 2x+ c ↳5
.

% Is

y+ 2)2
=

-xx+

2) j =
x+y - 1

=

(5) .
-
-

f(x+ y) = ( + y) +2)) - 1
u = x +y

u = x + y u = 1 + y zy= i +

u = 1 + y - y= u - 1 iy =m-Y

Suz du = Sidx
i -y = ( + 2)-y z

2U = x + c

Siz,

du = Si d 2+y = x +

-
E+zz

= - 2x + C

custa Devariables is
-

-S -
=



I

f(x) = 2x3 + 5x + 3 I
u(X

, y) = x2+ y 2 + xyz u(X,y) = Sin(xy) +y20 exact D .E in

I

f(x) = 6x=5

! = 2x + y " My = Xcos(Xy) + zy

ux = 3sin(xy) M(x,y)dx + N(X,]) dy = 0

- = 24 +2xy Exact

the solution :

u(X , y) = c((2xy + cos(y))dq = xy+
constad

↑
has two properties

↳ partial integral .

3Valuablea

Mandy
J( + y2)dx =e + jx

+f
am

u = fMdx + y(y) u=fr dy +f(x)

example: 12 Stissif
solve :

- f(z) = o

"-D inga- gMdx =
ex + Xy

-

=1 - Exc f Ndy zxy + co)(y)

the solution is u(X,y) = ex+xy + (0))y)

M

A exa get ty d

< X , 3)
=ext with respectC to y

- = x +Ayx)
cos(y) + c

,

= ~ X- sin(y) = x+ f(y)
->If

Sfices =fsinces dy 8'c =

Sin&

= x - sin(y)

·& f(y) = cos(e) + 4
-

&
u(X , y) = e + xy + cost)+alread



2) example : solve :
-

(3xy)dX + (sin de

N(X,y) fMdx= x cos(y) + *

=
- exsiny + 3x2

SNay = X
& y +X cos(y) -E

= (x - 2x , in()

x cos(3) + xy
-2 = c

If (2x10s y + 3x
*

j)dX + (xi-x
-

siny -3) dy (2xcosy + 3x
*

y)dy + (f(x) - 1siny - 3)d
in exact findm is exact find ful

- =

" -sing + 3x = f(x) - eny

xV= x2 If (x) d= f3x2dx
n= 2

f(x) = X3 + c

·

2 f(l) = 2 18/;
f2i) = 2

i + c = 2

⑪ f(x -x3+ /



Intergating factor [ Ma M(y)

Student
M(,3)dx + NCX,y)dy = 0 Ch1 +2· =R

-not exact -M
ofConstana
of y& Ex SR(y) dy

-If he is a function such that M(y) = e

MM dx + MNdy = 0 N = constant
ou

is exact ,
there is called function

integrating factor M(x) =
eSRexd my =

M(x
, e) or Mcx) orM(y)

-

* EXAMPLE : Solveir
X(

=pr - -xy -2x(x +T =0 & pictyry x ((x+ +x])dy =

0
M W

2.
-

M = 2yx = 2x
not exact .

& = y - 2x =4x

- &
Jolisso

M(x) =
E+x

= x · so ,
M=

Sta
= y

multiply by 3 :--

[xy2 3xy -2x)]dx +[x* - x3) dy = 0

Sxy +y3]dx +(2xy + jxyz] dy = 0

+xy =
y

=+x
-x y

-x3y Byy
-Xyy y+xy=

-



y" + P(x)y+ q(x)y =
f(x)

⑭ 18 f(x) = 0 -> then the DE is called homogenious

otherwise it's called non-homogenious

ex : -

y - 2j + y = 0 - j + y = z = 09

xy+ a y = y +y = + 2

Consider :-

y + P(x(j + q(x)y = 0 .... second order : -

↓wo diffrent solution
Independent (⑪ let y

,

1 Y, be two colutions of

The is
if they were nor different

they are one solution

Y
, 1yz are solution of star

24,3 , =23

&ef
.
let 3, %,

be two solution of ,
Then 3

,
13.

are dependent its 2= can (i =)
Otherwise

,
they are called independent.

&Xi -

= 3 ,
25 ex ,3 = et2xJe

one solution .

->Whe
,

etex) =

e . 2e3
+ 2x- EtzYze"

=. =exYe conce = 0

sine ienda

⑮ IF2
,

3 ,
= bx Zeindependen

w( 2
, (1) 22f -

Mx
.
0 = zv

= Ge not constant



ranskian: -

let y,%
,

be two volution of

Then the Wranskian is defined by :

Y

W (y,,yz) = 3
,

32 - 33 example 3,6, 3)

- YI· l G3- T

3 en 35

·Theoremi-

let y , in be two solutions of Q
W(3,%1) 0 - Y,%2 are independent

W (, %2) = 0 = 3, 2 = are dependent.

- 01L W(f , g) = selt
,
f(h =ete

I
f=

27
& +)G2e

find g(t) : -jo

W(f ,g) =
3eht

fg - gf) = sel
22e =Y=

⑪.... g - 29 = set y & is the solution of this
first order

S --2 d +

~

mariptent

fert . ess an

- 27

e g(t)= 3 + + a

& (t) 2 e2 + /3 t +c] -> gloses

c= 3

g(+) = e+(3 + + s)



② If W(fig) = 2
,
find WSf , f + eg) · notes :

-

1) W(F, f) =
W(f , f +2g) = f (f +2) -f ( +29)

&

f (f) + 2g) = f(f +2g) 2)w(fig) = -

w(g , f)

-A + 2 fg = (ft+ +29
2fj = 2 f'g 3) W(af , bg) = ab W(f, g)
2 (fy fig]

2 W(f
, g) = 4 u) W(f +

2g ,
f -g) =

~ (f ,f) -w(fig) + 2w(g, f) - 2W(9) - >W(fig)

* Abel's Theoremi-
let 2 ,

3
:

be two solutions

of)interval

them W(Y ,,2) <*= cexdx Dy" + P(X)y +q(x)y = 0

If C = 0
&

% u
+ *

-

wixna j Zero ( v
-

w = zero%

&
interval 514

- Sp(xex
- W(y ,by (x) = c e

W(3,3 -](x) + 0↳ Or

W(Y,) (x) = 0 on the all interval

because C=G

Ex : - If y,3. are two solutions of:-

ty" + 2y + +e y = 0

-

d)0(

W (3
, 132) (2)53 , find W(3, 12) (5)WL5
D3" + =y + e y = 0

+

zi w(3.3.) (a) *

=
SP(Hd+

= [Sd +
=h +

= +
Ti

W(y,,32) (t)=

W(3,
%

, /(2) = 3 =
Y

c= 12

w(H = E + w(s) =-



1.=reduction from second order to first order

n = y' ,
n= y

" then

i = fex ,y) = = f(x , )

example :- solve : * ory-missing -1 :

0y"+ z y = = y-
missed 1 J556

2 P . f

u =y a = y
"then S=

i +z = + First Order linear
X2

C I

S39
= x u . x2= x + c

= AganDisScu .x =fi ax u = (x+ 2)

x2

=
- Note Y/x-missing -se &

ini - == Jae-d
-

y = hx +y + C

⑰

j = f (3 , y)
X-missing.

①
-

=
u= y - v = y ②
x) -

-4 - =S

-> vi= f(y , 4)

& = f(y,4)

↓
~ d



- Solve :

-

-Yeogo
- sigyy" + (y)= 0 -X-milling

missed + + y = & 1s
.

u = y -i= y b-missed) 19 O 11 &:

-

= =f
yu + i = 0

yad+
hw =1ny + 4

- divide by n
hu +by = 4

buy = 4

IA =
I
y = <5

Sydn = (4dx
↓ y = <X + - FNALANYWER

* =(5-a-1s

Consider y + 2y(yy3 = -

ing
1) de = -zyndy

I f
can be written as :

B)d = -z

i + 2yu=

0
X- missing

↑

seprabte >-

4 +

nd + zyn=

= 8.&



*1y + P(x)y + q(x)y = 0 *

Given y
,

is solution
,

we can find

another solution (independed) as :

=e)
Exi

-

Consider XyytzAn Second Order linear

y = 43
X

y +zy + y = 0
fp(xdxX-2

2In =e) eSpdx=3iY

=Jesix dy

= -cot=X

~
&



The general solution in

* y" + ay + by = 0

I remark:Gay
a y = G

, y
,

+ 292
V X

let y = e be & solution

r+avex+ bex= o

r2 + a + b = 0

Charactistic equation
J = /-adx

j ·.Sire h(y) = - ax + = y=exe

-y = e c=
rX

&

Case+D
= +

-example : - Solve
Y

(v- 2)(r + 1 = 0

9 eneral solution :

N ↓
v =2r= - 1 y = c

, e
- "

+ ce
Y

= S3 S-

zr2 - ir - 4 = 0 e
- X

r r- z = 0

⑪ [3,, 32] is called fundamental
- there is two

Set solution o Basis of solutions conditions to find

C ,
22 in the

-

example : - Solve general solution

zy"-3y + y = 0 homogenious + constant coolitants we'll take them
t linear
- Later .⑳
-

2r
2

- 3 + 1 = 0 general solution
X

(2r- 1) (r- 1) = 0
y = ce + ce

↓ ↓
r=

z
V= /

-X

y = c , y = eX

⑰



example:-finda order linear DE we have . .

is

y(x) =e+ The characelistic equation is

(v-2)(r- 5) = 0 (7zy Critreran,m

02- Fr +180 -v= y

y -7
,y + 10y = 0 vi= y"

example:
or

a v=
- b = ri

Vi = 1 + v +2 = 1 - E

2 I-V] X

a=1 b= 2 c=- 1

" " Y
,

=
ext() X

, yz = e

r2 2r - 1 = 0

I
r:zCrX- x

1 = b2 - yac = 8 complex + 15:1 = It v

- I

exami findend-order linear D.t whose Basis of colaiis

Case + D = 0

r- (r,
+2) r + r . r

r2 - yr + 2 = 0

y - yy + zy = 0

xample: Sora Ye = y ,Set
recr+= 11 + constant cooficient + homogenious o5%
(- 3)(r-3) =0 =

v= 3
yz= Xy/ g

3X

y = 2
I

andorders! I Yu-xedx
/

- 2-

general solution :-

3Y

pe
*

+ xe



example:- find a 2nd-order linear D . E when solution

is given by : ((X) = (ax+b) eX
r =

rzx-ex + aye

Yz= Xy
,

n = y , N= 4

r2 - 8r + 16 = 0

y" - 8y + 16y = 0

Remark : -

+bi

M = 2 Fa= F,

Y

2+ 3 i - compete complex number

F = i = 3 Si - imaginary complex number

i = - & y I
Fs = - i

F = yi 7-complex + real notreal

example : - Solve

r2- 2r + 2 = 0 =
a = 1 b= - za= 2

1 = y - 4(1)(2)=-negative v=
~= DI

real partI M imaginary Part

CaseD -D = - 1
y = e(X +Mi)x

&&
(D-Misx

- we want solutions without i

⑪ XMi 1yz= 2
C all really

--
&

x +Mi x -Mi 9 =
ex (os(Mx)

"
& z

= exsin (Mx)



12

-example : Solve

y" -zy +Yy =0 "=
I

r-2r + 4 = 0 r=25i

a = 1 b=
- 2 c = Y I

↓X

A= - 12 I rM - y= ecosqu(x)
d 1 X

Yz = 2 sinM(x)

3 = e
*

cos(vx) 8,2, 45%

& z =
e sin (x) ngo'sM

(4)=,
j)

example : - [, dos) find a 2nd Order D.
E When solution is :

Y(x) = e2X(q(os(3x) +2 Sin(Sx)

4 ecos(3x) + ce sin (SX)
I

2 = 3i

x = + 2
I ---

M= 13
I

2 +3i -
I

2)+3i)(2 -3i)
r= ur + y - 32())
r- yr + 4 - 971)

+13 = 0

y = uy +By =0



us 11 Mi Real
~complex
-

Y,
= e

**
cos(Me

8
-mis

cosotica

"I xX= e + my

cosO-IsinG Y = e Sir (Mx)

① I

y =
ei

, (cos(M(x) + isin((x) .

- fexi
= e

** (10s(M(X) - (sin(M(x) -3 = e

*

e

3
,
+ yu = 2e

** cos(MX)
-

z

example : - Solve . y" -Yy' + 13 y = 0

- Y
homo with v = u = 6i

= 213)&

X- missing
10155

.

r2ur +13 = 0 constant coofic 2 7 M

Ya=1b=y= 13
2X

a = 16 - 32: complex Y
,

= ecos(3x)
y = esin(3x)

rools

general solution := c
, excos(ex) + <2 esin(ix)

·mple-findand-orderlinearD
whose solution is givea se

i

r= 31 4i I
r2 (V, + +z)V+ V, r ⑮(3-hignb. s

v- Gr + 9 - 16(i) (3)2 - (i) En,

v2 Gr + 9 + 126
Y

i
=

= -1

v = Gr + 25

y"
-

Gy + 25y = 0



-ple
:

If/E , EXY is the basa

Y
find a

,
b

r = - 1 [ #-1- i

r2(r, + B) - V
, v

r+ Cr + 2 =
y" + zyzy

= 0 a= 2 b= 2

Fuler-Cauchy Equations

ax-y" + bxy + cy
=0

o a
,bi us

ar(r- 1) + br + c = 0

y" + ay + by = 0 xy" + axy + by = 0⑮
-Charastic equationpxn

,
x

enX
,
grax ⑰ V

,
= rz = 0

② r
,

= rz = r xr
,
X bx

rXerX
,

Xe 3) r= 71 Mi

③ v= + Mi * (os(Mux)
* X

2 cos(Mx)
XX

e sin (Mx ** sin(ax)



Example : Solve 2 x
* y + 3xy-3 =Ov

2r(r- D + 3r - 1 (2r = 1)(r + 1) 3 ,
= x= 32=x

22 20 + 3r- 1 = r= -

2n+ r - 1 = 0
y(x) = c

,
k

+ 2

Example : - Solve x*y"-sxy +My = 0

r(r-1) - 5V+ y = 0
(r - 3) (r- 3) = 0 31 = x3 yz = x3bx

V= 3
r2- Gr+ 4 = 0 y(X) = c , X3

+ 2xbx

example : - Solve X2y" -Sxy +13y =

~(r-1) -

Su +3= 0

=
4 = 312

v = 6r + 13 = 0

a = 1 b=6 c = 1
3

,

= x cos(2bx)
1 = 36 - 52 = - 16

32
= xsin(2(x)

y (x) = c
,
X cos(2hx) + (x) sin(2hx)

example :-solve (xy" + yy =0)x

x2 y + 4xy = 0

32
=3 I~

Y(x) = C1+
" sep

Exi , xize coucher on -

[ Mos + 1 = 0

, ↳
Chara--stic equ .~ ! y)- &is-

⑭an = r(r-D
.



y tay' + by = fex) example:- Solve

32 y - Yy = 4x + 1 momnghomo
& three types of homogenious

i undeterminedLike
--

V= = 2

↳ Variation 32
= e

of pummeters- - 2X

↑
*=<ex + (2x↓*

let
Yp(x) = ax + 33 - 2 3

Yp =
a

0 - 4(Ax+ b) = yx + 1

-jus

yp = 0

- nax - 4b = 4x + 1 X

-4ax= 4x

⑰ Yp
=

- x- ↳ I
8(P(x))

= ax2+ bx + c

- 46 = 1 undetermined
# The general solution :

- coficent

y = yu + yp

↳e+(*fX - +)
--S:9912

homogenipoI
-

y"+ ay + by = f(x)

*The undetermined coofitionts accepts three types of f(x)
35 ,5815'① poly

② exporo & donds'so lik gedies

③ cos/ Sir constant = poly degree =



Example : Solve f(x) = 6x2X S

D P(x)
= (ax +b)2X

y" - zy = gex
Yp = ze2Y

expo
y" -zy = 0 homo

- 2x
genious Yp =a 90i

r2-zr = o

-2x -2X

Yp y = 4aer(r-2) = 0 S = -2ae &v= 0 ,= 2

3
,
r1

, y= ex 4 d e
2x

- 2( - 2ae2) = je 2x

ya
= c + Ge2x Ya e

2x
+ 4 a2 6e2X

Box-sex & 80 :5
general solution : y=JH + yp

= P + e+ zex
E 4

from the homogenious

-example: Solve
=&, los a part.e sinx fax 101 & dis

---

-ey+ 2y) = 4 sinx
Ess Yp(x) = a sinx + boX example f(x) = 2x(vs(2x)

2p =(ax+b)((os(X) + Six (IN)

y" + 2y = 0 homo y p = acosX- bsinx y"p = - a sinx -b cosX

r+ 2r = 0
-asimx-bcosX + 2 sinx-2bcosX = Usix

r= 0 ,= - 2

y
,
= 1 , yz = =

2x S = a -2 b) Sinx + (2A - B) casx = Usinx

-2X

y = 4 + Ce - a - 2b = 4

-B=0 =

- A- YA =4

A= B = -

general solution
= c +2 +↑ sinx- cos



&S :
8

* Solve : homo 11 & YP(x -
S

1A 199
& I- &miraiD) y" - y = Ye - Yp(x =

1x

y" - y = 0 homo

I
Yp(x = A ex

I Yp = Axe* +tex
2- V = 0 tex-Ae= 4 eX

v = 0 ,= o = Yet yp =Axe+Ae+tex
X

y, = 1
1 %z = e expooi

#e*+ 2 Aet-e" = YeX
X

y = C + Cze

2 A eX =NexAway afor
general solution: ⑫ SX X

2 =

3+ yp
= 4 +ce

*
+ 2xe Ip=

2xelata
* write a suitable form for YP(X) : -

↓no 0
, & is 10 jon-up or

-

jos termS -

jis
① y"- zy) = 2x + ye

2x
X 1=94)9-199

Yp =X(x +b)e x ~

- 2X

y" - zy = 0 homo ↑ Ce aux

r2-zv = 0

YP(x)
I

2X S=>+ b) +caV= 0, 2

y, = 1
, yz= e 9 4-

6
5565 -

Zonstant-Comm #
&e

&

2y" + yy =
2xcox + Xc0S

20]

yp = (ax +b) (osx + (x+d) sinx

r2+ 4 = 0

I
+a

r= FY
S 1

=
0

r = 12i - 1 cos 114's,8

y = cos2X yz= Sinz Siv 99
.

Yp = (x+b) cos +(*+d)(inx + e



③ y"+zy + 2y =
2xsinx + 4x2- 1 y" + yy =inx- 2x

r
=

+ 2r + 2 = 0 sin
-

x = + - 1 cos2X
D = - 4 MI

= -Ls2x + 1- 2x

r=y=2 = (5) Yp = Acox + Blinx

+ (x +D

Y ,
= e

"

cosx 2= ex sinx

-

&
p(x)

= (x+ B) e*
sinx + (x+ D) e cosx

xsinx exsinx x(A , x- 12x + vo)
& y" + Hy= 1 -cXCOS X e

X sinx Cox = -XSin 2x Sinx cost = Linux

y" + Yy = 0

! Yp(x) = AX+ Be+ ((X + D) sinux + ((x + +)cxX .

"

v2 + 4 = 0 -
I

v= 0 ,v=4 Al + Ayx . --

Y= 1
, yz= eux I

I
S

I



~
Variationof parameters

&* T
- y" + ay'+ by = r(x) ... non-homogenious . =

Des 10
in r(x) + 0

undetermined. g & Inmake it homo and solve J
, %2

expon
V(x)( 1 Des

Ipolyd &3p-sin/ cos

constant -It

y = yL +yp 1 = y 48.
·is r(x) & rix) b

Yp(x) - -3)+3)+
(4,2)3, 32 + 9

example : Solve

- 3 -> do not use undetermined : ① coofitiol not

0x
*

y" - 2xy - yy = 12x Constant

y = 3h+ yp = ( +xxy +=X-
]

② rex not oply
xy" - 2xy' - xy = 0 couch- Er

① w(+x , x) =2 -
-72.

r(r- 1) -zu - y = 0

r 2
- 3r-y = 0

y ,
= X , y = xY x(r - u)(r+ 1) = 0

r = 4
,

- 1
Yp() =

- y
,) + 3,7

-I

d +12
3=

=
+ 2x)

= Sidx+x0 disuila
e

12x= Yp

-T2= y
419 *** =*



= find a suitable Form tor Ypbs--
-3,fr+3 suitable form

-5, s homogenias(5

&jeNew

Suitable form for yp II

---
undetermined. variation

A
,BiC I - 3192

- -

Ap ,
A, As on of +S -42

-

>"Genj(k) j,j)

Suitable form

x
*

y" - 2xy - yy = g(x)
x

*

y" - 2xy -h(x(y= g(x)

-i
&

IT
S +i

X +3h(X -3) = x= x+(x -3
= e

*
+(x-3)3



Lms
LR

CH3i-Higher ODE

Solves-

& y" -zy" - sy + 6y = 0 (homo with constant) auffiti

3 -
2v" - Sr + 6 = 0 X

r= 1 -> (r- 1) is a factor ↓ - 2 - 5 6
t t

- E ↓ I - I - 6

(- 1) (w - 3)(r+ 2) = 0 X

V= 1
,

r= 3
, r=

- 2
I - I - 6 g

X 3X - 2x

= 3;g

y = e
, yz = e

, Iz= e 6= 0

&
- 2X factor

y = ye
+

+ (e) + e j

② y(s) - 3y(4) + 3y" -y = s homo with constant

rs - 3r + 33 -
10

r(r- 1)(r- 2) r(r-1)

r2(r3 -3r+ 3r - 1) = 0 ,
S

(2= 1) = 3r(r-1) *

( -1)(v2+ r + 1) - z(r - 1

2
(r - 1) (n- 2 + 1) r (r- 1)(r- 2) - 3r(v- 1) + 6 = 6 = 0

[r- 1) (r-1)(r- 1) ~ (r-1)(r- 2) - 3r(- 1) + 6(r- 1)
o20 -3r

ru (- 1) (v(r- 2) - 3 + 6) = 0

So 0 01 (- D (r
2

- 5r + 6) =0 y
,

= X

X

y = 1 yz= X Yz = e (r-)(r - 3)(r- 2) = 0 32 = x3

3y = XeY 3z =
xex 13 2

yz = xh

X

y = (1 +12x + (e + Cyxe + (gx e go c
, x

+ (2x3 + cyx

③ (1) + 2y" + y = 0 homowith constant x2(y" =2) y-missing

Or
S

um + 22 + 1 = 0 y-xy = 91
-
-

(2) + 2(r) + 1 = 0 -%50
(v) + 1)(r2+ 1) = 0
-ouch-Euler

n+ 1 = 0 Or
2

+ 1 = 0 y = pcSX + C2 Sinx + <XcoSX+Cusinx

r= I r= Ii

y = cosxyz = xcosx

Yz = Sin X Yy = X Sinx



⑦(y) -y'llenonhomogeniusa ↓erm

Gy = 1

Lons2a ??

y(Y)- y=0 .

3

YP(x) = Ax

undetermind yp = 3Axh 3
p = GAx

ru - u3 = 0 yp = GA jup= e

r(r- 1) = 0

20 ,
1= 0 , v = 0

, u = 0 - 6A = 1

y = c + C2X + (yx + cye* ⑲ yp==

y = c + (2x + (3x + (e-



Higher-order Variation of parameters a third order s
Y

-

Y" + P(x)y" + q(x)y + g(x)y = r(x) -xx+ 0

① Yn = C
, y

,
+ 22yz + (33

② Sp = 3
,( +3))

90 ,
55

z

① y
&

X-example : Wit, x) = *
3

-x)(3
--

3 BY

54198
-

even y = 2 +2 to Ex
①

·/is , 90 , jig

=X(12x - 6x2) = (6X -2x))

= Ex - ux =-w

⑨ s

-
↑

⑪ W(x ,
x ,
x) = 0

-

O 2x ax = 1) ii) = m-
*

1 .
95

.;
2 6 X

· We-

-92 -98

3 + 2 = 5 oddf) ↑

551 1 021356

⑪ W
, (x ,

x ,
x = ) x 0 =Y =

wxx2
= x

2x OI 8 2 I
I

*
29.9 a go 947 2x2x2 = X



example : - Solve : cailable,55V

form
*

Yxy" - 3x-y + 6xy - sy =- coofiting is not constad so we can't use undelirment.

r(x) = 244

r(r-D(u- 2) - 3r(r-1) + Gr - 6 5dis WinnI
~ (r-D(u- 2) - 3r(r- 1) + 6(u - 1)

(r- 1) (022 - 3r + 6) = 0 3p = 3
, fr +2) + 3

,)
(- 1) (r2 Su + 6) = o

(r-B (- 2)(v - 3) = 0 * 2x +xx
3

,

= xyz= x y,
= x

[2x(x-dx - 24x2(xdx 12x))dx]-suitem
Yh = ( , x + (2x2 + (x)

(2x(yx*) =

24x (tx2) + 12x(X)
y = y2 + yp

= (x + (2x+ (x + 4x = 4x4-x + mi=

/



CHU :-
System of Diffrintel equation

y = ay ,
+ by

yi = cy, + dyz

=) [i]↳
-[i]**
3 = A yay


