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In-class Example

&F % L) Choosing a Transportation Mode

Hypothetical company has:
* 1 plant, producing I?m‘&ltt
* 1 warchouse, storing the product from which customers supplied dlrcctly D—’ r—” Wk
* Plant kecp@afcty stock inventory, warchousm; n:\mntams@umts

» Average customer demand rate at warchouse: 10 units/day

* Plant produces 10 units/day dered = pvaclr:\é““ 2 \0 “';J}/ Ao

Suppose we would like to compare two modes of transportation for moving product from the
plant to the warchouse. We want to make a mode choice decision that minimizes total cost.

Rail:
— Capacity o Shipments in railcars containing at most 400 units
* Cost: $1200 / carload
* Transit time: 20 days e 2
Truck: {
Gp~et*o ¢ Truckloads of at most 100 units

* Cost{$¥00 / truckload .

-

» Transit time: 3 days Inventory costs :
Inventory cost: 7 @ 2 06 %
Value of items at plant: $500 / unit E ;
Value of items at warehouse'. $512 / unit
Inventory holding cost rate: 25% of value per year held
Plant space cost: $20 / umt‘ycar , \

Warehouse space cost: $25/ unit*year
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Goal :
«Our goal is to determine the optimal shipment size q for cach mode, and the total cost of
the optimally configured system. '
Assumptions %
* Assume for now that we will never ship more than a single railcar or a single truckload at
a time when minimizing cost | ,
1. What are the annual inventory holding costs at the production plant? (Include the space
and holding cost in this calculation.)
2. What are the annual inventory holding costs at the warchousc (Include the space and
holding cost in this calculation.)
3. What are the pipeline inventory costs for cach mode?
4, What are the tfansportntion costs for cach mode?
5. What are the total cost cquatlons for cach mode of transportation? ‘
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* Requires that c;; 2 0 InPhs
 Initialization:

500 oMUYl

i o {+oo it;e:'msc D(O_J r—;j:)’\ @

pred(j) — {0
PERM#;FEW =N
Iterations:

j=s
—1 otherwise : umn -\))S.‘l‘lJ

while PERM # 0:
1. Let p € PERM be node for which v(p) = min{v(j),j € PERM}

’/" { 3 M
2. PERM &~ PERMU{p} [ V3
3. PERM <« PERM \ {p}
4. For every arc (p,j) € A, j € PERM leading from node p:

1.

(a) if v(p) + 5 < v(4), then:
e v(j) —v(p) + ¢
e pred(j) — p

Assign to every node a distance value. Set it to zero for our initial node and to infinity for
all other nodes.

@ Mark all nodes as unvisited. Set initial node as current.

3.

For current node, consider all its unvisited neighbors and calculate their tentative distance
(from the initial node). For example, if current node (A) has distance of 6, and an edge
connecting it with another node (B) is 2, the distance to B through A will be 6+2=8. If
this distance is less than the previously recorded distance (infinity in the beginning, zero
for the initial node), overwrite the distance.

When we are done considering all neighbors of the current node, mark it as visited. A
visited node will not be checked ever again; its distance recorded now is final and
minimal.

If all nodes have been visited, finish. Otherwise, set the unvisited node with the smallest
distance {from the initial node) as the next "current node" and continue from step 3.
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Example # 1: Given the graph in the Figure shown below, find the shortest paths to all nodes V)~
using the vertex A as the starting source. Use Dijkstra’s algorithm. Cog 3

Iteration A B C D E F G P PERM | PERM

0 0 (D a9 [ (Y| oorl) o) —ﬁ(‘]) <) ¢ “}J

1 .(a)* l (A) 2 (Mo oa )| LO(A)o= (1)
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Example # 2: Given the graph in the Figure shown below, find the shortest paths to all nodes
using the vertex S as the starting source. Use Dijkstra’s algorithm

Tteration | S 1 2 3 4 8 P | PERM | PERM
Aaidizd 0 0@ (-1)[o0 (V) [or (V) [os (V)[04 (1) |-V 4 ¢ \)J
/‘@ e S
S G.)cm\» - J
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Given the graph in the Figure shown below, find the shortest paths to all nodes using the vertex s
as the starting source.

0 [0(0) |ooe) ot [or e V) eV s ot 1) $ W
g
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2
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Sometimes, label- oorrectmg algorithm. NoTequirement of non-negative arc costy. Often
more efficient in practice for sparse transportation problems.
Initialization:
; 0 j=s

v

le= {+oo otherwise

g 0 j=s

pred(y) « {—1 otherwise
LIST = {5}

-
Iterations:
while LIST # @:

1. Remove node p from top of LIST
2. For every arc (p, j) leading from node p:

(a) if v(p) + cp; < v(j), then:
® v(j) — v(p) + ¢
e pred(j) «—p
e if j ¢ LIST, LIST « LIST + {j}
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Example:
Given the graph in the Figure shown below, find the shortest paths to all nodes using the vertex s
as the starting source. Use Bellman-Ford algorithm.

Iteration S 1 2 3 4 5 6 P LIST

1] o(e) 2 (Y /D2 E) | S0 GHl oo (~1] od(=1) — (é)

1 s
o0 5()2l¢s) | P4V Vil Ehlit el S D, 2
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Multi-label algerithm

Initialization:

Initially, the origin node s is given label (0,0);. (The subscript indicates the reference
number k = 1 for this label, and the superscript indicates that this label exists at node
s) All other nodes receive no labels. The predecessor for this label, pred(1) is 0.

LIST = {(0,0)3} r =2
Iterations:
while LIST # O:

1. Remove label &k from the beginning of the list. Suppose label & has components
(dk,tx)}, so that it exists at node p

2. For every arc (p, j) leading from node p:.
(a) Create a new label r at node j where (dr, 2,) = (di + dpj, & + 1p5)

(b) Define pred(r) = k

(c) Add label r to the end of the LIST y

(d) Compare label r to each existing label (dy, ¢,;) currently at node j:

SRR 1 | d, >d, -and- ¢, > 1,, then label r is dominated by (d,, ;). Discard the
new label, and remove it from LIST.

ii. Else If d; > d, -and- t, > t,, then label  dominates label ¢. Discard the
label (dy, t,), and if necessary remove it from LIST.

ili. Else retain both labels

Stopping criterion:
When no labels remain in LIST, this indicates that no remaining label corrections can
be found, and all of the paths have been found.
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Example: Given the graph in the Figure shown below, find the shortest paths to all nodes using
the vertex s as the starting source. Use Multi-label algorithm
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Minimum Cost Paths
. dirated = Huki - taboe|
Question . 22 Lyeh
Suppose you have gone to the grocery store stocked up with a wegk of groceries. You would like
to make it home in a reasonable amount o without traveling tod far so that your ice cream does
not melt. The grocery store will be your starting location, referred to as 8 and your house will be the
final destination, referred to as table below shows all connections in the transportation network

you will use to travel home (if a connection is not in the table, that arc does not exist in the network).

Connection | Distance Time
(s,1) 4
_(s2)
NI (1,3)
(1.4)
(23)
24)
(EX))
4.

(a) Draw the network, labeling each node with the appropriate node number {s,1,/,2,3,4} and labeling
each arc with the cost (dy.ty) where dj is the distance of the connection and #; is the time of the
connection.

NN W NI | | 0
NN NI Eo| W] DO e [ e

(b) Use the multi-label algorithm to find the minimum cost paths from the grocery store s to your
home 1, where the two types of costs being considered are described below. Show your work in the
form of a table as we did in class.

i.  Find the minimum distance path from s to 1. (=, )
il Find the path from s to  that minimizes the total time. - (  _)

=

4
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The network
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Minimum spanning tree models

Trees

A tree T in G is a collection of arcs such that EILQ ngl_g are wnmctd‘l and ﬁ_g_g_d_&!

exist. (All nodes connected implies the existence
¥on T.) An equivalent definition of a tree is a set o[ n- l arcs such that all nodes are

connected ¥An important property of a tree is that it defines, for each pair of nodes, a

unique (not necessarily \l (mcla mlh between them.
R, s

Tree examples: Directed network. undirected network.

inimum spanning tree
A’ minimum spanning tree T* in a network where each arc (i, j) has a cost cij a tree
¢ 2 such that the total cost (sum) of all the arcs in the tree is minimized:
o

oA (;Qe, asy b belve
) o .
s o T" = argminpeg{ ) cy) 0Pz ifen POblem.
(ig)eT

ion: Is the minimum spanning tree the same as the shortest path tree?
Answer: No. In the shortest path tree, the length of the path from some origin node to
each other node {§NilifliifiiZ8d. In the minimum spanning tree, the total cost of all the
arcs in the tree is minimized@PhigisTot the samething.
2 -efficed \su\»l‘pwms

aS>”

gt\ \ ‘ _'g' ~> u N&‘ e ‘\'f-)\ CU""P u 9(‘1)"\
Initialization: TREE = )
Iterations:

"
L. Sort the arcs in order of non-decreasing c;; into the LIST

2. while\TREE| <n - 1:

(a) Remove (i, j) from the top of the LIST
(b) Add (i, j) to TREE if so doing does not create a cycle

]

At the end, T* — TRFEE.
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Prim’s algorithm C'ﬁou Y W

futs
To explain the next algorithm, it necessary to understand the concept of a cut in a
network. e v

Suppose the nodes in M;.m'e;partiﬁoned:l—»n‘fo twomdependent subsets, S and 7. That is,

~SUT=N and Sﬁ@’;ﬂ The cut set (S, T) is given by all arcs (4, j) such that i € S
andj€ETori€Tandje€S.

Prim’s algorithm
Initialization:
TREE =0
S={1},T=N\4
‘ (In Er}glishlthe set S contains node 1, while the set T contains all nodes except node 1)
 Herations: >)
~while [TREE| <n - 1: g

2 AAGH)TREE" C2-

A 3. Renove j fiom T adiaddiito

At tile end,;lr"‘ 4—E‘REE_ N
T- M /33
c
s-1 & b-2e,bd, Y
S E) s
.Al-‘“".._?-\c ‘ +he least C-:)' =\ ol - Z&}
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A simple lower bound for the TSP~ ¥
Often, we generate lower bounds using a decomposition strategy. For example, suppose
X a feasible solution to a problem can be décomposed into two components. If these two
components afe optimized separately, the resulting solution may not be feasible for the
igi em, but the resulting cost is a lower bound on the Gpfimal cost of the

[SY Sva

>

: are
TOUR is a set containi‘ng all of the arcs y.in the tour;, .learly |TOUR| = n.)Ifone St
arc (i, ) ﬁ’@mthetomﬁd,the remaining structure is a TREE on G; all nodes _ 4

are connected and the ZREE Yontains n — 1 arcs. In set terminology, we could write
. ag e F
this decomposition as:

==

TOUR = TREE + {(i,j)}
The cost could be written as follows:

C(TOUR) = C(TREE) * c;
Now let’s minjmize the ‘decomposition. Clearly, the iminimum cost tree in a network is
given by the MST/And, in general, (i, ) could'be any arc in the network, but more
i ¢ is some arc thaf is not in the TREE. Therefore, a lower bound on the optimal
TSP cost is §he following:

C(TSP*) > C(MST*)+c};
where ¢j; is minimum cost arc not in MST;
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Example 1: Consider the following symmetric, undirected network G where the numbers next to
each arc are the arc costs. Suppose that your goal is to find a good traveling salesman tour that
visits all of the nodes of G.

5

350
(o)
T 9 L
9 v\,,J-l7
!
2 5
T ¢ : I
: Onded e (2)
4 =143 5
UP\"’\A""«‘ Vwade 2 =
s : : &% D D
@ 12 + ,{3 s 22 O/@
7 7 o
Complete the following table that shows the lower bouinds using several techniques:
technique Lower bound
MST+arc R s S RO
1 — TREE, Sk SN 5
1 —TREE, 4 49 b £11]
1 —TREE, 22 + |\ - 273
1—TREE, 1y 1S Z855)
1— TREE: 4+ le T
: 7 TN )
Omnded nod () serd |

omd—d Wb M

a\z 1

5 q

S, 1 F Be—ry
Towr
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Example 2: Consider the following symmetric, undirected network G where the numbers next to
each arc are the arc costs. Suppose that your goal is to find a good traveling salesman tour that
visits all of the nodes of G.

Complete the following table that shows the lower bounds using several techniques:

technique Lower bound

MST+arc CF + 20 - R
1 —TREE, Bo 1 24 ¢ A
1 —TREE, fg;'q (R e R
1—TREE; > 30 33F +93 =Qd

1 TREE, 30 +2%+ 3% <A\
1 TREE, A
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Twice around MST Heuristic

The MST 2-approximation heuristic will generate B@Lﬁth a cost no greater than
double the optimal cost for networks satisfying the triangle inﬁuality. This is not good,
but at least it’s a guarantee!

T (4 %) D fors | ZoorP
hons e K, @MM‘A LS — App

Cx g?. c¥ Anv'atapg:qx‘imation heuristic:

——— Steps:
1. Generate a minimum spanning trec@ﬂf the nodes N.
2. Let QST contain MT each arc in the minimum spanning tree, MST".

3. Generate SVADK of n?des of G using efich arGin LIST exactlyonce; {v1, v, ..., vopn_1), 11}
Note that v; are not unique. 6, esh At (n MST Aw.ze

—

ified by WALK,

4. Create a heuristic tour T¥ by following
but its to any node (the “takin

7 cont b A donT

d{]n this method, recognize that WALK does not fit with our definition of a tour, since
it may contain nodes that are visi re than once. So, we simply eliminate repeat
visits in our WALK to identifysl.", sometimes referred to as arlmbeddeditour.

: w-k
b
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S
- <
15 T 4o N G lo b

L@ b
ol & &L Christofides’ Heuristic =15 W@l J
Wi, .;4{,,, Christofides’ heuristic has the best known worst-case performance bound for the traveling

herrvhe

salesman problem on complete networks satisfying the triangle-inequality. Similar to the
Tmce-Around MST heuristic, Christofides’ istic utilizes'the concept ¢ of minimur®

feées. In addition, the heuristic relf&@ on the idea of minimum costm
PM). Consider the following definitions and facts:

(Christofides Worst-case Performance Bound) Christofides heuristic is 1.5-
optimal for every complete network G satisfying the A-inequality, that is:

C(T) < gC(TSP‘)

where TSP* is an optimal traveling salesman tour on G.

Christofides’ Heuristic
Steps:

1. Given an undJrected complete network G satisfying the A-inequality, find a fini#

) i
th respict to 5T

f the nodes in S with minimum total cost. (This

=

) time by the method of Lawler).

2. Letﬂ be the nodes of G with

~8. Find a ode matchmg
problem can be solved in O(n

4. Generate a tour of the nodes T using arcs in the set MST* UW* exactly once. (
TC can be improved by introducing shortcuts to avoid revisiting nodes).

L skipeiny

C)mf[— bL Crem vmlut
Lk Yerwms Per by B G

Qe
2Cen —a Dren

gl +addx oadle T L Y DAk
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Consider the following undirected network G where the numbers next to each arc are the arc
costs. Suppose that your goal is to find a good traveling salesman tour that visits all of the nodes

of G. /qm
Walk fer(2 +2)
; £
= wel2, 4, 3,445,
ol ,2)
We
1 3 V:*::ﬁzlab esch
\q
le e 5 2l 1,3,5,2]
20 I R
Y.
C% bw_}\ afre LLIST ) 4 ‘q? ._ 7
Q)’L\ ,Q)q) )ng\i) b Lq45) (S/ \4} @ g ©|L
L1)L) Q)H) Qa‘j) M, 5 @M 2] @

a) Determine the TSP heuristic tour yielded by applying the twice around MST heuristic.
b) Determine the TSP heuristic tour yielded by applying Christofides heuristic.

Et]‘:|K= quSJ\‘) ')llllq) Sz\.’-j \%
32
(18 }
TSR L = ¥

c Nl 106 : \Y

Wak P 243
Wz 23,9, 5, i, v, 2.0, @, 3

T“-.: Z.3 1\1) 5‘ l)?—’sj

\*/_?/\7’5
R
Zo\ IC S

=
" i (e =Y

[B= G —s =opted

\</

——
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A v,3) v~ ;

o "y -O Q‘I,})\l//
d,5)

walk (5 4 &) Ws) vV

w = ;—_5,“, |>Z)|J‘1)3) %53
s §8.%0,205,57

C® 144 1q aip 222 #2419

Qe T1 Hl

l/\)=i ‘,1,‘3—, ‘{)5-» ,\1)5,\'; |3

5,1
T:\.: Z\)ZJ \1)%/ 3

13‘\)

Cy- 193

e
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Nearest insertion heuristic

Initialization:
Given an undirected network G (N, A), with costs c;; associated with each (i,7) € A,

Steps: ;
_ : )< @

SRR T B Y

L

while [7] <n+1:
. Find the node j ¢ T that is closest to a node currently in T. That is, find

Find the insertion location for node j J into the exlstmg tour. To do so, find the arc
(€,k) in: the current tour with the mlmmum insertion cost: ¢z + cjk — ca. Insert j
between £ and kin T'. -

; end; | ' | $ \’\'3
Pr—m—ﬂb Costely

b Initialization: < inseteims —

*. .\ Given an undirected network G = (N, A), with costs c;; associated with each (i, j) € 4,
¥ where c; satisfies the A—mequahty@
Find the arc (i,j) with g “"“f‘:'f"""f ASbetL={i, j,1}

Steps:

between[andka

end;

In English, Step 1 finds the node j not on the tour for which the minimum distance to
a vertex on the tour is maximum, and adds that node to the current tour.

!

VA
\/_‘ ‘L’ﬂ Z)A\\N l
L) N
U)L) (M’(‘\/
@,3) :
(5v
(2.1) : :
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Example: Consider the following undirected network G where the numbers next to each arc are
the arc costs. Suppose that your goal is to find a good traveling salesman tour that visits all of the
nodes of G.

a) Determine the TSP heuristic tour yiclded by applying the Nearest insertion heuristic.

b) Determine lhc TSP heuristic tour yielded by applying the Farthest insertion heuristic.
¢ - Usimg A ears i oA .\DL SN

3 C:QCD?" - ( ‘2 e )
= 2n Z
TR R e
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Bin Packing ‘

The bin-packing problem is another important problem in operations research with ap-
plications in logistics and transportation system operations.

; Problem definition: (.# ue |dg~*\CJ o '

Suppose we have a supply of bins, and each bin has a capacity to hold @ units. Further-

ore, suppose we have a number of items that need to be packed into bins. Each item -

hasIaSize g€ N(0)QF which represents the portion of a bin's capacity that this item <

requires. Items cm between multiple bins. G bin = 9,4+ q,.--> 9,+1:S ?
. e W

Suppose for explanatory purposes the item sizes have been arranged into a‘Lst;,,_L x

1 in L

.sfiif'i)iﬂl‘fzﬂlé{'j‘:; L b.‘.\, oA C,An-} be Slf)'eh,"_yr

\!

e : ONe SV oy T :
oifotal weight of all items in a bin{i§io grea er than @ (no bin violates capacity)

A)&WV*'J . 2. The smallest number of hins is used —» d\;\eu\\\fs
/ . .
L‘> Yo be mmm\%d
nteger Programming Formulation -
Consider now the following mggggatj@kgpgqggmmingifbfmﬁlatiqm,'fgr‘ithggii}’;pm‘g‘

e AT — s

L -.f‘__,t—u,»__,;» A S B Bl A
. Here, we will assume that n bins are available for packing, since in thel 2%

ase. each item would require its own: T— :
— I J ;3\' # b\(\s :# ib" S

— {1, if bin j is used

Decision variables

. o 20 BIREE yi
Coumdov b1 :’:‘5 Yi 0, otherwise z L

R B =

o, s _x/iz'/;- {1,__1f item ¢ is assig_n.ed to bin j Vi o

0, otherwise

# ot bhe Xij 2\ when e © s g
(BPP) ol

m
é%\')ah“‘-—“’ min Z Y (OF)
i
subject to:

m
0;1-\ T N 455.}-/1,« [ ZCD,‘]’ =1 Vi=1l.n (C1)
; =

’fv ';“‘)‘(' —.J_'." n :
A il
Xi; g k_"j — .T,'j < Yj Vi=1l.n, j =1l.m (C3)
S 0<z;<1 Y (ij) (C4)
° z;; integer  V (4,7) (C5)

vy
\
& Wl o TR
L gy Ay 380 ]
L #/aé bins  beloy 4 ' 9 f
Xy L Y3
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The minimization nature of this formulation attempts to set y; = 1 for as'few bins ag’
possible, and the 6bject‘1ve function counts the number of bins opened. Constraints (Q@)
en ’e that each item. is assigned to some;bin; and ,t 2) require that no bin exceeds its
capacity. @. Constraints Fﬁ?rieqmre that closed“ ns[y; = Olcan havef tems assigned -
to them. i -‘Fu*ﬂl ='23}=‘
Like the traveling salesman problem, no efficient algorithm has been developed for the
bin-packing problem; it is in the problem class NP-hard. If one wishes to solve the ~
problem optimally, it is necessary to enumerate all possible ways of assigning items to ‘
bins, and this process is inefficient. ~ G5y 4 under stand il T m:! k oansthe

4 : —» \“'4 ,{. bo‘h— e

“The primary apphcatlon of bm—packmg in logistics 8 in the loading of frelght Suppose
that you have ﬁﬁi’nmelght to load with vanous smes and you w1sh to use'ﬁie fewest

ssum plo;n that cus omefdeman S C oy

ABTIRESR Yy

For example suppose that you operate a fleet of vehicles each with capacity of 20 tons.
Further, suppose that you need to serve 13 customers on a given day, and the following
is their demands in tons: L = {16,10,14,12, 4,8,3,12,7,14,9,6,3}. How many trucks
are required? Which trucks should serve which demands?

- yﬁg;x anq'lrrevoca egjgmon‘s‘ar‘ € Tade b ‘ed;onJ&“lo n_data witk sarpe time=y
Onhne heuristics have no foresight: th _they. . cannot,a,numgate.future data that has ™ =
v I & 2 Often,m 151"'7 re > 1 fics. For _example,

> ErINES
<\ At if you are operating a truck fleet and planning whlch trucks w111 serve which demands,
; the demands from customers may aw&and you may not have anticipatory
\°"l~ knowledge of what the next customer demand will be.
:_—V\S\\D;M‘) _ In the followmg online heuristics f6f Iét's assume tha? customer lot sizes become
, k 5 mat a time. Upon the arrlval of a lot, an irrevocable assignment of the lot
/ - -*to a bin is made. Such heurlstlcs have practical 51gn1ﬁcance in the loading of transport
o contalners since changing a decision of where to stow a particular piece of cargo would
require unloading it (and potentially other lots) and reloading it into a different container.

Suppose that customer lots arrive one at a time, in the order specified by L. Let’s develop
some heuristics.

\@-F it He@

———

Description: This heuristic places the n@em in the currently open bin. If it does not
fit, the bin is closed and a new bin is opened D
B ——

J
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Initialization:
Given a list of item weights L = {w;, w3, ..., Wn}.
Place item 1 in bin 1 and remove from L. Let i =1, j = 2.

Iterations:

- 1. If item j fits in bin ¢, place j in i. If not, open a new bin i + 1 and place j in bin
' i+ 1. Leti=i+1.

2. Remove item j from L. Let j = j + 1.

3. While items remain in L, repeat from Step 1.

The, ngi!ﬁz’ﬁt heuristic has a s%a.lﬂdvantage over other online heuristics in this case,
since it allows immediate d! . In the heurlstlc, whenever a container is closed it will

not receive an future 1tems and therefore dat can be immediately dlspatched This might

mean a truck can leave a depot, or a container can be loaded onto a ship or train, or
something similar.

It places the next item in the

': t:*f" nur ,;‘ | whi ; not fit in any bin, a new bin is
opened.

OQM)'}\ Initialization:

?(\(,’( Given a list of item weights L = {w;, ws, ..., wp}.
Place item 1 in bin 1 and remove from L. Let j =2, m = 1.

Iterations:

1. Find the lowest numbered bin  in which item J fits, and place j in ¢. If j does not
fit in any bin, open a new bin and number it m + 1 and let m =m + 1.

2. Remove item j from L. Let j =5 + 1.

3. While items remain in L, repeat from Step 1.

not fit in any bin, a new bin is opened.

Initialization:

w A

Q\},Q’ L

.t\‘Mgc Rin
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Given a list of item weights L = {wy,ws, ..., Wn}-
Place item 1 in bin 1 and remove from L. Let j =2, m = 1.

Iterations:

1. Find the bin i whose contents are maximum but not greater than 1 — w; (if S; are
the items in bin 4, ) 3.5, wy is the contents of bin i), and place j in 7. If j does not
fit in any bin, open a new bin and number it m + 1 and let m =m + 1.

2. Remove item j from L. Let j =j+ 1.

3. While items remain in L, repeat from Step 1.

Performance guarantees ’ b
The next-fit heuristic is 2-optimal. It has been shown that the' first-fit and best-fit

heuristics.are 1, 7-opt1mgl that is, for any input item sizes L the number of bins that

they ﬂl_gM‘é‘ Wotse than 1i7stimes the optimal number of bins.

X <Practical-issues_with first-fit and best-fit
V Both of these1euristics lack the dispatch advantage of the fext-fit hguristic.
@%’ Of course, if a comtainer is complefely filled at some stage of the processing it can be
' immediately dispatched. However, in the pure form of these heuristics, bins that are
~ open but not yet full cannot be dispatched. Thus, to use these methods in practical
settings it will be necessary to ﬁtemetheds with dispatch rules. For example,

a container that Zeached some minimum fill‘percen and/or has been open_for
time

‘some minimu might be dlspatchedé 5 =
» (ke diptdinia, Js
Offline heuristics for BPP 5 _g_c)g_d )

Offline heuristics assume that you Hiave acces
heuristics. -There are three important*

eurlstlcs for b1n—pack1ng~that all work

by first sortif ng” the items by - Tnon-increasing: size.; ,They are called respectxvely next-fit
decreasmg, ﬁrst-ﬁt decreasing, and best-fit- decreasmg

A good example string of numbers is 6,6,5,5,5,4,4,4,4,2,2,2,2,3,3,7,7,5,5,8,8,4,4,5.
Sorted becomes 8,8,7,7,6,6,5,5,5,5,5,5,4,4,4,4,4,4,3,3,2,2,2,2. :
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Route-first Cluster-second Heuristics = Tw*'

Heuristics in thls class begin ﬁrst by creatmg an_ordering of the nodes through some

)

}edordermg After clusters are created, most of these heuristics simply serve customers
followmg the nm\ogler However, others (like the Sweep heuristic) perform yet another
step in-which optimal or near-optimal ‘TSP, tours are created for each customer cluster

and the dcpot Technically, the SWeepfeunsElc might be called an Order-first Cliister=
hird heuristic

.‘ — c My \) Solve 2P
Generic TW—PMW!"Q Heuristic 7/3 Sv\“ BPP

Steps:

1. Let T be an optimal or near-optimal TSP tour that visits all of the customers and
the depot. Suppose wlog T' = {0, iy, i3, .-, in, 0}

2. Define the node ordering Tp = {41,149, .-y in}. | w.‘e\o’-' Aapo“‘ .-

_—

3. Create customer clusters by running then next-fit bin packing heuristic with lot sizes
¢ and vehicle capacity Q on the customer order defined by To.

4. Suppose the generated clusters are {1}, 19, ..., ik}, {Ek+1, Tk42) - B¢}, {641, 8249, .y }-
X ,{g‘(‘ The final VRP tours are then given as {0, 1,23, ..., i, 0} etc. where the order of the
5 . customers in the VRP tours is identical to the order in the ongmal TSP tour T.

r-firs i Route-second Heuristics

Oft.cn in prac xcal vehxcle routmg probloms, ‘the subproblem of determining. us-
ers._tc r served by a single vehicle is relatxvely more im-

gmce eﬂ'ectwe clustering can ]ead to reduced ﬂect

: ?5?91“?9“ laeibods
\..f Sweep Heuristic e —
‘A— In the sweep heuristic, nodes must have geo 1 itions. Without loss of generality,
A\)V\-’ suppose that the depot is given cartesian coordinates ;-and suppose each customer i

has polar coord.mates ('r‘ ) 9‘) relntwe to the depot Here, suppose 0 < 6; < 27i is’ measured

/ 1. Choose a start ray r, with a polm' angle 6.

2. For each customer, calculute@s the relative angle betwcen r a.nd the customer
location, measured clockwise.

3. Sort the customers in order of non—dccrulsmg A. Suppose the order created is
To = {i1,%2, .-y in}-

4, Create customer clusters by running the next-fit bin packing heuristic with lot sizes
g; and vehicle capacity @ on the customer order defined by To.

5. Create final VRP tours by generating a separate TSP tour for each customer cluster
and the depot.

;
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Example 1: 9\\\..L
Suppose that we want to solve the veRicl€ routing probles

demands (units) at each customer location from 1 to 6. If éach vehicle has capacn?y.é’f?_fiffum J

GiEle G | G | G | G | Ca
7 4 6 3 5 3 6

P S i
) & c} C. |G| C gl
; ’\@«"m ~- | 1 ?ﬂ_ (167 VA2 | 9w
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Co | L4 (2@ | 10 | 2 snnaa|. 30 132
|
6 [ vl b T Foht g0 =12 |
C5 ]d ’1"% 7{\ N \\3Q, (%‘é/ -----

a) Use the TSP tour partitioning heuristic (a standard route first, cluster-second approach) to

generate a set of good vehicle routes for this problem. Begin by using the Nearest Neighbor
heuristic to generate a TSP tour. Determine all vehicles routes.
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Example: Suppose you are the dispatcher for an LTL trucking firm, and you need to dispatch

small delivery thkSMnggaﬂ delivery of freight. Suppose you have many trucks available,
each with the' capacnty to haul 10 tons of freight.

9

dp=8

do=

®
T®
&

e 2 T o) d]=7

I'R: =
i 3 \ e % z :’;‘j Ao
: " 20
2 aw, & 0 Ele lo, W gD .
! a) Using the Sweep Heuristic, generate clusters of customers each to be served by a single
-vehicle. Begin with a ray through customer A and rotate your ray clockwise.
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b) Using the Sweep Heuristic, generate clusters of customers each to be served by a single
vehxcle Begm with a ray throu;,h customer B and rotate your ray clockwise.
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Example 3:

Suppose you are the dispatcher for an LTL truckmg

Stact Bose
C1
= @\39

o

O

5 © p
ﬁ‘l%:z and you need to dispatch small delivery

trucks for the local delivery of freight. Suppose you have many trucks available, each with the
capacity to haul 10 tons of freight. Suppose that the polar angle (relative to the x-axis, and measured
clockwise in degrees) of the seven customers are {45 105, 220, 135, 60, 85,300}. Suppose that the
demands of the seven customers in tons are {7, 3, "5, 2;4,.6}.

a) Using the Sweep Heuristic, generate clusters of customers each to be served by a single

vehicle. Begin with a ray through custome@and rotate your ray clockwise.
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TheClarke—anht‘ ihcthod begms w1th apoor initial solution in which each vehicle visits
a single customer. Tours are then combined as long as total cost savings are produced.
Suppose the depot is node 0.

Generic Clarke-Wright

~ 1. For each node i € N, construct a tour T; = {i} beginning at the depot, traveling

to node ¢, and returning to the depot. Let S be the set of tours.
— lest & A3
2. For each pair of tours T; and T} in S such that the total customer demands of

the two tours combined does not exceed Q (i.e ZkeT.uT, a < Q), compute the
savings: Sij = Cend(i)o + Cobegin(j) — Cend(i)begin(j)-

3. Choose the pair of tours 7 and j that maximize S;;. If S;; > 0, then add T; + T to
S and remove T; and T; from S. Else, end the heuristic.

4. If no tours were joined, end the heuristic. Else, repeat from Step 2.

Implemented -Ciarke- Wright Heurisiic
You may note in the preceding presentation that savings need not be calculated;more- -

T —

than once for each pair of nodes. Consxder the following version of the heuristic: -

b e

1 _For each node i € N, construct a tour Ty = {#} beginning at the depot, traveling
" to node %, and returning to the depot. Tet S be the set of 'tourb

vy

2. Calculate the savings| ng = coi + cjo — ¢y for all'pairs oF Hodes s, i

;-,3, -Sort the savings in nonincreasing order.

4Wa]k down the savings combination list, and find the next feasible combination
pair (%,7) such that:

(X( i and j are on different tours, and i is the last node on its tour T} and j is the
first node on its tour Tj. T e

MZkeT‘uqukSQ~ Qv&/‘f ‘T;_; el

Si; >0
M ] = <C.‘.°4_C,°;‘ o C'.J.'\>, -

Add the combined tour T; + T to S, and remove T; and Tj. Repeat this step as
long as feasible combinations remain in the savings list.
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Simple Example
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Clarke Wright heuristics

A warehouse, located at node €0, is trying to route its trucks to serve all customers. The travel
S distances are shown in table below, and the daily demand for each customer is given in the table.

carmens Each truck has a capacity of 15. You decide to solve the problem using Clarke wright algorithm
to generate a set of routes to serve customers.

Customer

c1 Cc2 C3 c4 C5 Cé6
Demand 4 6 3 5 3 6
Travel distances between customers
co Ct €2 | 63 | C4 C5 | C6
co | —[,20/[-18 [ 14/] 16 [ 12| 19
C1. - | 22 18 | 30 | 26 28
Cc2 -— 32 [ 20 22 21
3= = 20 225 ] el )
Cc4 — 30 32-
Cc5 — | 26
Cé6 =97 [y

According to Clark Wright's heuristic, what are the construct routes? What is the total
g g

distance traveled by utilized vehicles?
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