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a = [1 , 0 , 07

a = a .De thewholea I 21s->

a2= a! P systems , j
a a p

is two step transition
matrix

a3= a . P3 --- T
as -

an= 90 . pin) -> an absolute

probability

& I Y system is
transitions

eX8-

2 . 5

-
·Des

0 -3

1-0 .307 & 84/

↓ one step transition matrix

2 - p(z)
, p() ,

p(8)
,
p(6)

i
, 2

P =105]
2transition I is↑

0 .Y

p() = p . p = [05] · [ ] =[026
p(y) = p() .

p() 200 . [i]=
&

two -2+15(1d8
transitions



p() =[tsuso)

p
x

= f
8.625

S03
0 . 624

~

( &p = [0 p24 Su
↳ probability to end

up in 1

in
one step

-

doesn't depend
transition
~

here las

-> after more transition the probabilities So
are sheady the system

is in a steady

state
-> how

many steps does it take

to get the steady state=> is not our

Job to know

in this example a = 50.475 0 . 6257

probability I

at 16 transitions a = 95
to endot 12

↳ at the initial
-

here it's I'm at state (1)
the same

after 16 transition the

probability is - ah

d16)

al=])y
stated w ahthe

initial⑮5 10- livd do
8.

























































Wed, Apr 23

Cont
.

time M .
C.

-> holding time is exponential
E(ti) =

Yoi

Wi :-transitions rate out of state :

expected# of times that the process leaves state :

per unit time spent in state :

eX :
Vi = 3

(Ti)= +1945:

State (in):
.Ai g%

Pij. :

10 -
State 4,

0 9 Wi Q ⑤
:9

.0e Picol
⑫

Pil : (k(yx) -dy)

(us) =(d) Pik. Vi : Rate when in state; thate the process

makes a transition to state K,

we consider the transition equ . for statelis for the small

time intervalAt

=> Prob, that when the process is in state i

a transition to state IFi will take place in the next

small time interval
,

at is approximately Pij .

W:.
St

d
next intervals? jei -ess's

&

↳
ex : next minute , " minute

-approximations , in atswe go



=> Prob. it leaves state i = Piji
j8d in the next time

% interval (DE)

=> Prob .
that no transition out of i

will take place inAt
=

1-PisWist
PirV; At

wo

givingi⑭
1-(ilWis Pij Widt + PirVist) Spineise

①

:
-

2= (7- P , (t + st)
I at j

system is in (1) 6
= PilD[1-E PistPiCH .Pjis

[iiis . ) i = /b) +time(t)vi3 · st Jus
state(j) ?

state (i) in

process was in (i)
+ entring (i)

and didn't more
from (5)

Pi : : 5555
I is any other state. Prob that the system

-

is in state (

steady state : -> In steady state Pj(H - Pi

%
.
S=dis tE

1559

prob.
O

, in

Wi ti = & It; Pjiw :
balance equation of transition

↑
rate out of state; = rate in state

&

balance j7 i
of

transition
i

at steady [Ti = 1

state , becaused
one of the equations

will be reduct



:08!***
Question:- V = Y

Solve for /Q 02 = 3

steady state

③n
W3 =

Y

Probabilities

(T,,T2πtz)

Di Ti
=ET0; Pil

-

V
, + = 02π mP2 + 03πyPz = 4π

, = (3πz(z) +4πz()
UzTz = 0

,
+

, P + 03πyB3= 3πz = (uπ, (y) + yπy()

redundent uπ = 0
,
π

, Pz +0[B = Yπz = (π , (k) + 3πz(()

↳ + +z+ +y =

TT2= 2
,

c YT = 2 The I
3πz = 3π

1 + 4πz -

T
,

+ Tz + T 3

3(2 +)) = 3π, + y+y -> in $3

3 = YHz - T = π, in

T
,

+ 2π
,

+zπ = 1

3 . 75T
,

= 1

#1 = 575

= 0 . 266 -Hz= 2x0.266 = 0 .
532

Ty= x0 .266 = 0 . 1995



Birth & Death Processes 8
-

-> special type of c.T . M.

To 3 12
->-⑳ ⑪ ② -stateso &--

-

&Mi M2 M3
infinite.

ex %- these states are # costumers in Que 1081 s

so state - no costumes

state D - -S; 1
:

5
,0 (birth)

--- state I
State State

253.

I

death birth --
another↳ costume, costumer

death birth

S I only one

-O G person can add

-
2 ② becauseAt

i
is so small

only one person

=> consider C .T . M . C with state 0
,

1 , 2, 3 ... Can come or

Go

if Pij = O when fith

or ji -

then the M.C is called 54% Probe

A birth& death process ~

zero = 4.9.

=> for birth& death process we define transition rate

from state i :

&i by default MoreMi

5Piciti=Mi

Piciti Pici = A

Pici-D=Mi



WedApr 30th
Birth & death processes e-

10 11 * 3
i is where I'm starting

o
54

M M2 M3

->i = 8; Picit)

-> Mi = Vi Pici-)

transition
fromiei+

transition
↑ ↑ from it i-1

Piciti=Mi

Wi = dirMi
↓

# transitin Girl , its t only
out oh

Pici-l=Mi

i optionsh go

To 3 , 1244 Jy

-⑧
-1-1-- -

M
,

12 Ms My Ms
for getting IT :

balance equation : balance eque-

in = owh

=(b)
pii ex : Tz=didn t

E
c

= 0 In = Out

state :o M,,
= Todo =,=.

-

state 1 do To + MzTtz = a , , + M,) = T

-
state 2 3

,
#

,
+ My Hy = 12πz + 1qπ =.

-I 3 32πz + MyTy = Jzπy + Mzπ] => Ty = by/ly : y

Y 33πy + MST) = byTy +yy = is=
15 duπy = Ass =>



Ti=
*

2=
#+atts +ty +Hs =

iconsi Eπi = 1

reduct

"

=> if 7 : & Mi are independen oh time.

one of the ATM example : arm 30

models we'll

Chapter 18 Average time between arrival
,

= 30 see

study in

- service time = 24 sec.
F-855 e

ox

and G
qual #= i -

= ,d)

- = 2 cost /min · 2= 19)

M = 2. 5 costumer/min

251 <

& 212 t shijs is e

steady I

state
the casheir will not

finish working.

time between inpuls = - > : rate per time of input-the pat



⑧
J = 2 (min

M 2 2 .
5 /min

tota ,
= se = 0 .... TireMo = M
, = m

#
,= To = [Ti= 1
2 =E

N
,
+ +z +z + +y + +j=

To+Too

#
- 10 = 0 . 27/06

&
Iy=Ste

d
-

-( Iy=
" 2 . 69 To =

steadz ITSx
To

1/ = 0 . 0

T

state To = 0. 27 = ProbS
_

1st i

-
- es10s

(s j) Prob that he kinds no one= to

Prob to find que = 1-to & so

=- 54yx-



Transeint sol.

(
&, Cr) : Prob that the system is in state

i ah time h

acry : state vector (not) a
,
Craz(t) ... - am(H)

(A) At : small time interval

n : # steps required to represent ↓.

-> n=

t = 1 min /D= 0
.05 min

n = + = 20

0 . 05

&
in this one minut

I have 20 parts
I want the system after

a Limin) = q(n = 20)
-

0 pro 20 sheps -> so it become

minitial dis create

ato there was no

2004 -a = (00000)

↳ at time = zero =-a Cr= o=
al

- 9

system9

20 steps = - =in this
example

act= 1) = appro
To I need pl



-> How to findst
10 = 11 = . . d

o
I 2345

M
,
= Mz - - - M

R = 0 o 1 000 0

transition IM O 2000 - P=
rate matrix

Y

I
O Ifrom trans-absorbing.

3 00 M070 R=↳
Or birth& dem

2 e

1000
O o o o M o↓

M =ge0
Pisi =Pri.
j +i

=;&
⑧ 12343

O 1- (1 . pr) 1
.Sh 08

00
p =

1 1st # zor o O

20 Mor I dat S O113 ⑳ o MAL 1 . Ah g

Y O 0 O 1
.Ari J - Sh

S
o G 00 M.At 1-1Ah

le4

two terms+ diana

o s
one term , dison

# 21 - (1 . St + M . Sh)

⑳
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,
May th

↳iS Ch188- Queuing Theory
-> elements of quering Model

1- customers

2- enter the queuing system (Gyst) & Join the Q

if service is not available.

3-members/customers are selected for service by some

Q rule discipline.
S

4-required service is preformed by service mechanism

inpur
customer Q Service served
-> --> Mechanism

->
Customers

&
Quiring systems Q + service mechanism

① - Source of Inputs- Infinite : ex : #people going

to safeway

- callingpop
Infinite

94 18

a . Size ↳ finite
finideo-ex: #machines

b . arrived rate (1) waiting to be fixed

in a factory.
↳ Poisson Dist

carrival of customers
, events perline) "the

que can be

virtual, ex :

-

-> Inter arrival time = & expo dis
airplanes in Sky waiting

↳ time between
·

to land .

arrivals

noted the service mechanism could be :

services
, airport , mainhinance.

the Q descipline :- is a rule about who is

getting to get the service first.

customer -> finite : machines,js

Customer - infinite : I have a shop , people are inlimite.



#- Que : where customer wait for service.

a. size

->
finite. (likewhe there is a in Que Ronca

come

Infinite
you can comewith as a

b . channel
-> Single

↳ Multipale

-> multipate you have different ques for the service

↳ more than I

like the cashiers
,
But the single one big line.

③ Queue Disciplines

↳ it represent orderIn wich customers

are called for service.

(1- -1 % 0 first in first our like banks
,

cashiers)

2- LIFO lash" (like a fridge the one
you

take is the lash)

3- SIRO service in random order

4- Some order of priority

in the
a

-

Customer Behavior :
- we work study

Jockey que 1% do& this
, we assume :

Balk que 1,- &

-
that when a Cush

Renege -

↳s
:

Edi
,o n que J. & ( comes they get in

the que unless it's
S

finite and full.

-

④ -> Service Mechanism : -

a - service channel

(
#services-Singlee f the service que

has multipale places

multipale of Parallel

Series (more complex

b - service rate (M) ②
-> service time

= 1/1

&

->



*Note : customers in system = # in que + # in service.

-> 18 . 3 :- Role of expo dist.

f(r) f(r) = Gett,to# -

value

[
mean-expected E(T) = 1/2

variance VCT) = 1/2

-> J is rate of customers/hour eX' 1 = 3 per hom

1/7 = 0.333 home

=
20 min .

P(t(T) = -) yet = 1 - est

P(t(T) = ext

Poisson :

P(X = X)= x

E(H) = at

v(r = ar

Question on at Jo. edn by a Poisson Dist . at an argot

3 -3 visitor/hr ,
find : - the prob that the next visitor is :

a-within 10 min d within the first min 8

.

b- after 30 min Passes e- 1 two mir

--
in exactly 15 min 8- I

two min

T within the second min
&

J = 3 VIhr

# customer = Qin Poisson

time = ↓ - expo (interarrival time

if the customers arrive in Poisson then

the time is expo



a - P(tc =
I-edt t = 1-3918

=
-e) by min ·13; 0

= 1 -
0 . 3

n
I

③The 10 min

8

S
.

St -&(10) = P(X=)
(t= 10

two customers

is > 10

So in 10 min

Custome P(r(10) = 1 - P(X=0)t
=0

lec 16 b- P(t) 30) =
h.

Wed May7
c - P(r= (5) = 0 because exactly-> zero -

eri,integ

d - P(r())

e-within the first two minutes - PCC2)
= 1-3 .5

= 0 .
095

P(r(z) - P(t()

& f - within the second minde . P(1<<2)
=(13) - (-35 -j + -5)

0 . 093 - 0
.048

Iwant

⑳47 - &:(198!
p< 2) - PCrC conditional

P(t(y)

before Mein
,

oProbabil
a

2 min
g- -&already passed without a visitor

pcrcy( + >)

PAIB) =Teret

-PLB
= 0 . 49



p(t()=
P( / < +(2) = P(r(2) - P(<1) =

0 . 095 - 0 .
048 = 0 . 047

- 3 . 450
-

- e-
-sc

same thing because

it has lack of memory

example : 18. 4 .1

18 . 48 pure birth& death models-o tool %

-> birth: arrivals of M costumes into the Qing Syst.

-> death : departures of served customer

pure birth : normal poisson dist.

Pure death : it like
ex : inventore I have it a

level (full and keep taking to a some

level the reorder & get in to the

some hist all Level.



Due death: deptness take place , system with N custome
t= 0

with nocrivals allowed
, departense take place wh

rate of M cust unit timeI
-when it was pue beath

poisson & expe

>

:x) =Asome thing-
&

-
poisson X7, 0

dist

p(X =1) = =,09 %

zepo or
5. 5q

tomen -

in pare death :
we cat use poisson Max # cush

At is very
& ethn

small & everzone

hom that
Takes onlyone

82-
l -iPhone

shopes

~

31
Shiman ,"S, isa

le orde &

Stock departmen
N2 S &

1 L

3 2

2 3

↓

⑧ 3

i
Que

the slock is bascilly (1) A



-

Nu current + departure.

↳
present

ex 3 + 2

= 3 + 2

this is > PoC4=t ,
n =

1 ,2 ,
3 ......

N

the prob

that at time
↳ # departures =N isi

I I have n product , cashmer systemt

Po(h) = 1- P
typo%% a

n- +
p = 1

example : 18 . 4 .
2

M
-

-

-

3
- =>

-

- - -

> -
--

passon N =n+ departure

N = 18 dozen ↓ avz
-

M = 3 dozen /day

prob of placingon order = Pn & 5

↳
placingon order is when PnXS

Prob on any day of the week

PCIstday U und Ward .....

p(1st) + P(2nd) + P(3rd) + P(urh) + P(ph) +P(zh) +P(zc)

day 1 + +=1

PnCh)=n e
dryz + z =2



stock
18

17

16 -

-

3
Is

0 -1- 2 Pack

eX8-

M = 3 Pi
, nis,

4
,

3 , 0

stock depahr

3 &

Y I

3 2

2 S

I

Y
↳

↑n- Po =%
.
1847

P, = 0 . 16 s

P2 = 0 .
224

Py = 0 .
224

Pocre1-Pncr Pu =
0 . 149

Ps = 0 .

0191



Mon
, May 12th

lec 178- 18. Se-general poisson Queing modeli

↳
section

->
if system is dependent on time it is said to
-

be Transient. steady state - independent of time

↳ transient: 9,

-> state of the system D:-

# of customers in the

quisysteet in-service.

-> n(r) : # constomers in the Qing system ah time ↓
,
+7)

-> PaCt) : Prob of1 customers in the syste or timet.

d

independ 9
of lime

-> InSTEADYATEconditions : the # customers In the syst.

is independs of the initial state & the elapsed fire.

In
G . B. Q

. M :
birth death

①combines both arrivals and departuresC
②[Inter arrival times & Service timese they follow the

↑

③ based on steady state conditions exponention

because they are time

& model is poisson

⑪ the model assumes that both arrival & departies rates (7
, M) are

state dependent,
3

,1 can differ from state
ar

-
to state :

ex :⑧
Mn departures rate --

2

In arrival rate given in the Qing system.
So #3 - it can be

if we open another counter=> ↑

be2M③ Pn Pnent)- Po
will

(M ..... Mn)

these proy . me used to determine the system

measures of perfomance:-



1 - the Average que length ? variability sindit

Exp # in the Que

2- waiting time.)Arg or expected)
- - the Arg utilization of the facility

ex : I have =si2 cashiers

but I use only 1

utilization = Me2 time per custome& custome per
- time

In = 3 = 10

M=some1 +] - hour

--

de 5
~

= S cust/now

M : cust per hour

server
m - 1- 3O

counter = 1 -> M= 5 dust/min

counter =Ye
M = 10 cust /min

comber =3 - M = 15 ensulmin

Mp =

I
S

I
n = 0

,
1
, 2, 3

&10 n = 4
,

5
, 6

15 ↓
n = 7 , 8..... (7)

u
R2

,
7

① In in steady state.

P,= Po = Po

P2=
Po
=
P

P3 == (p

Py=SPop --



Ps=bu Po
①on unter open

PG = 8Po
es - p ,

+Pe+Ps

PF-P) = pe

Do ·
&

Po + 2Po + YPR8Po +OPo + Opo+
+ 32Po-

Po + Po(8+2+y+ 0 + 8 + 8 +1+
= 1

Po (12 + y + 0 +018 + 0 + 0(z) + o() +o() +o(z) +...... ) = 1

Po(1 + 30 + 0(1+ (z) + (2) +() +...) =

·1)0 b ->Ex =

Po (31 + 11 El
i= 0

1- X

:
ti

EX = , Exi
i =0

d
term Jal P

morethaz
Xo = /

Po (31 + i2) =
1

↳
ESPo = 1 + po = +

53

b - only one counter open -50
=>il Po 9,I is

Po + P
, + Pu+B



() - expected # of idle counters :-
-

↳

# of customers Idle Busy Probabilit

177 O
~

3. 1 - % Pr

4 ,
5

,6 1 2

&

Pu + Ps + PG

1 , 2, 3 - 2- 1 P , + P2 + Ps

O - 3. 8
I

Po-s
-

expectedot Idle counter -

E(x) = 2xf(x)
5 ↳ x xh(x)

numberoh
xf(x)

X

E(X) = 3 . Po + 2(p, + Pz + Ps)
i ((Pa + Ps + Ps) +

·(1
.

possible values of Idle : Probabilit of each
value-

expectednumber
O P(0) --

-is I I PCI) =

4
. Probability distoh oh 2 P22) =

op 3 P(3) =

* probability dist: -

↳ Possi -
value ,

whatu
coordina possible proble of probability -* S

value dist
&

I

E (idle) + E (busy) = 3

↳number
# nice



Wed , May 14th
18 . 6 : specified Poisson Queus (Model

-> Kendall Lee notation (alblc) (dle/2)

a: Arrivals dish di Que discipline

b : departures e : max # in the syst. (includethee sound

C : # of parallel servers 8 : size of calling population.

- de 2
ab

Mi : Markorian (M, 11... (M(m() Chito (2014)
Z ↳

can be d

Di : constat (deterministic ( A Do markovia =

El : Erlang or gamma dish

G : general (generate (hish.

di Liho

Life

6 :

populaite
.

SIRO

G . D (general discipline)

STEDY STATE measures of performances

⑦ Lg: - exp . # of customers in the Qing syst
La : as

t(n) = Ls=
② Eq : Exp . # of customers in the Queue (Queque length)

-

↳
y

# in syst . -random 3

n = # cust in Sist Lot- [ # in Que Random

C : # parallel services

n22 & no

queque .

③ I : exp . #ot busy servirs

C = k -hq(4= (g + c)

4)

exp#o idle servers=max #
of servsare



4 - WS : exp Waiting lime in system = Ls/
Ws = Wat service time

S =

Wq = exp waiting time in Que 1 +

%5169
=

(g/] [S

Que lengh &
, 5.

relationstip (ls , Ws) limited -

i 5-w

little law
:

↳= beach. Wis Jeff e 15251)

rate

↳q = Jeff
. Wa Jess-

cust = cusuftime X time

J = Jehe
1

49
p = (s-q

-side

no limit -X

S

- Wise Wq+
service line faciliting whilization= have

I = 1s - La = Jethech

M

* p =

Eur
- La

ST ?? -

p(it P >

&

there is one place a quere will

explode
where P >



C = 2 A

Q -
for a 2 server Que 11 = 8 cushynow) ,

we found that

Po = 0 . 4
, P = 0 . ]

,
Pe = 0 .2,

find

icehre.

1 .L up = exaytost -P== Ls-Lqn
= 0 . 3 + 0 .4 + 0 . 9 = /

1 . Use2:0

- Lq= (n- Pn
5 Waiy

= 0.Y = 0 . 01)h

Ls = 1x P3 = /X0 . 1 =0 . )

6-service time-r P=

-
-=- - yu=

-

- ws -q = 0 . 129 - 0 . 025 = 0
. 1125

-

Mn



J = Scars/hour

3
-

-service time
== 30 min

M

M=0 ...

M = 2 cars/hour

Zinst is

Ls we haveS
services

leaving

M = cars/hour In
/service time limited

.

a

n= 12345 carage .

36any / m

Packinga 8888E
M = 2 cas /hour

3 ->temperorly#
- not services

-

21 Jeff = y - 198 = 6 -

0 . 12655 .8737
~. [

·

3 = Jeth + flost

loss = IP8
-

Mn =

2n , n = 1
, 2, 4

,
3,5

[ -

10
,

n = 6
,
7

,
8

I
.Pr= Swaiting

in

P,= Po= Po=

-
P2= Po Jeft
= Po

Pl =1.s P.=Po rate
u, Ms

Pyrodisnts p -

...

M,M

Pot Po(b +Y . 3+ +. 5 + 3323-2023 +
1 . 215 + 0 .729 + 0

. 4324) = 1

=0 . 0402 &p20 .
0215

·n
S 9-9791591 ·

9 %2



↑
As=Wgte

8

3- Ly2ERPn =Pot.. = 3 .
1 h

arg=
in any time I come

emply space ot my time = 8-1 ↳q = Jeht . We
· -were

a

her/
gett

<
qz [p- c) Pr

8

d =6

=
0 . 5 = 0- 0326 -

=

= Pj + 2Pz + 38z

5- i = Lg - Lq =
= 2 . 9368 porking spr I

6- Utilization== 29360 = 0 . 5873

-- was number -> I have rate (Gloss
↳ in an hour

#
8x] los=

↳
rate I loose in 8

hous

numberntbloss



18-6 .2 Single server # causi
(M(M/1) : (up(d(x)

⑮

# (a .
p(a()

&
one

↳ generat disliph-

service ↳ -25%
.

8

-

Pi == because X,
X :

30 = 3) = yn= 1

P2= M
,
= Mr = Mn =r single Server

roe

Pn = 10 .... In 1 Po P=1
M, ... Mn r

P = 0
.

Po Pr= O? Po

especeadized-
Pn= .

Po

Po + Py +P... ... = 3 one server - there

Po+ &Po -D P2 + pap. +....
+ 1 is no Jeff and flost.

po [1+P +p + p + ... -) = 1

-

Po [T-p]2
Po = 1 -p

1

-

-
=P(1 -3)

Ettingthis

↳= _
2- (+ 1)

↓in this sitihain

&

ws = 4= Wa =

In
.o zii is in

⑳
one server ' 1s



C =

Q : M = 10(y)-

A(1,
5
,9) for eachy :

1 P 2)(qs)uq

2)L) 3)us

1 = 58-

- 3 = 1

1) P==
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